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Let (X;i)i>1 be a stationary mean-zero Gaussian process with
covariances p(k) = E(X1Xky1) satisfying: p(0) = 1 and p(k) =
k=P L(k) where D is in (0,1) and L is slowly varying at infinity.
Consider the U-process {Uy(r), r € I} defined as

Un(r) = S Z Liax;,x)<r} »
n(n—1) e
1<i#j<n

where I is an interval included in R and G is a symmetric function.
In this paper, we provide central and non-central limit theorems for
U,. They are used to derive, in the long-range dependence setting,
new properties of many well-known estimators such as the Hodges-
Lehmann estimator, which is a well-known robust location estimator,
the Wilcoxon-signed rank statistic, the sample correlation integral
and an associated robust scale estimator. These robust estimators
are shown to have the same asymptotic distribution as the classical
location and scale estimators. The limiting distributions are expressed
through multiple Wiener-1t6 integrals.

1. Introduction. Since the seminal work by Hoeffding (1948), U-statistics
have been widely studied to investigate the asymptotic properties of many
statistics such as the sample variance, the Gini’s mean difference and the
Wilcoxon one-sample statistic, see Serfling (1980) for other examples. One
of the most powerful tools used to derive the asymptotic behavior of U-
statistics is the Hoeffding’s decomposition [Hoeffding (1948)]. In the i.i.d and
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weak dependent frameworks, it provides a decomposition of a U-statistic
into several terms having different orders of magnitudes, and in general
the one with the leading order determines the asymptotic behavior of the
U-statistic, see Serfling (1980), Borovkova, Burton and Dehling (2001) and
the references therein for further details. A recent review of the properties
of U-statistics in various frameworks is presented in Hsing and Wu (2004).
In the case of processes having a long-range dependent structure, decompo-
sition ideas are also crucial. However, in the case of Gaussian long-memory
processes, the classical Hoeffding’s decomposition may not provide the com-
plete asymptotic behavior of U-statistics because all terms of this decom-
position may contribute to the limit, see for example Dehling and Taqqu
(1991). In this case, the asymptotic study of U-statistics can be achieved by
using an expansion in Hermite polynomials, see Dehling and Taqqu (1989,
1991). For a large class of processes including linear and nonlinear processes,
a new decomposition is discussed in Hsing and Wu (2004). These authors
use martingale-based techniques to establish the asymptotic properties of
U-statistics.

A very natural extension of U-statistics (which are random variables)
is the notion of U-processes which encompasses a wide class of estimators.
For example, Borovkova, Burton and Dehling (2001) study the Grassberger-
Proccacia estimator which can be used to estimate the correlation dimension.
In Section 5 of their work, the authors investigate the asymptotic proper-
ties of U-processes when the underlying observations are functionals of an
absolutely regular process, that is, short-memory processes. As far as we
know, the asymptotic properties of U-processes in the case of long-range
dependence setting have not been established yet, and this is the heart of
the research discussed in this paper. More precisely, our contribution con-
sists first in extending the results of Borovkova, Burton and Dehling (2001)
in order to address the long-range dependence case, second in extending the
results obtained in Dehling and Taqqu (1989) to functions of two variables
and third in extending the results of Hsing and Wu (2004) to U-processes.
The authors of the latter paper establish the asymptotic properties of U-
statistics involving causal but non necessarily Gaussian long-range depen-
dent processes whereas, in our paper, we establish the asymptotic properties
of U-processes involving Gaussian long-range dependent processes. The au-
thors in Hsing and Wu (2004) use a martingale decomposition and we use a
Hoeffding decomposition or a decomposition in Hermite polynomials. In the
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proof section, we also present an extension of some results of Soulier (2001).
Consider the U-process defined by

(1) Un(?") = m 1<i;ézj<n ]]‘{G(Xinj)ST} , Tre I

where [ is an interval included in R, G is a symmetric function i.e. G(z,y) =
G(y,x) for all z,y in R, and the process (X;);>1 satisfies the following as-
sumption:

(A1) (X;)i>1 is a stationary mean-zero Gaussian process with covariances
p(k) = E(X; X41) satisfying:

p(0) =1 and p(k) =k PL(k), 0< D < 1,

where L is slowly varying at infinity and is positive for large k.

Note that, for a fixed r, Uy,(r) is a U-statistic based on the kernel h(-,-,7)
where

(2) h(z,y,7) = LiGay<r} , Vo, y ERand r € I .

We show in this paper that the asymptotic properties of the U-process U, (-)
depends on the value of D and on the Hermite rank m of the class of func-
tions {h(-,-,7) — U(r),r € I}, defined in Section 2. We obtain the rate of
convergence of Up,(-) and also provide the limiting process when D > 1/2,
m = 2 and when D < 1/m, m = 1,2. The convergence rate in the for-
mer case is of order /n whereas it is of order n™P/2/L(n)™/? in the latter.
These results are stated in Theorems 1 and 2, respectively. They are applied
to derive the asymptotic properties of well-known robust location and scale
estimators such as the Hodges-Lehmann estimator [Hodges and Lehmann
(1963)] and the Shamos scale estimator proposed by Shamos (1976) and
analyzed by Bickel and Lehmann (1979). These properties are illustrated in
Lévy-Leduc et al. (2010a) using numerical experiments. Theorems 1 and 2
allow us to establish novel asymptotic properties on these estimators in the
long-range dependence context. The most striking result is that these robust
estimators have the same asymptotic distribution as the classical estimators,
see Propositions 5 and 8 in Section 4.

Theorems 1 and 2 have also been used to derive the asymptotic distribu-
tion of a robust scale estimator proposed by Rousseeuw and Croux (1993)
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and a robust autocovariance estimator introduced in Ma and Genton (2000).
The robustness and efficiency properties of these estimators have also been
investigated through numerical experiments and real data analysis. For fur-
ther details on these theoretical and numerical studies, we refer the reader
to Lévy-Leduc et al. (2010D).

The paper is organized as follows. In Section 2, the main theorems 1 and 2
are stated. In Section 3, we derive the asymptotic properties of some quantile
estimators. Section 4 presents new asymptotic results in the context of long-
range dependence. In this section, central and non-central limit theorems
are provided for several statistics as an illustration of the theory presented
in Sections 2 and 3. These statistics are the Hodges-Lehmann estimator
[Hodges and Lehmann (1963)], the Wilcoxon-signed rank statistic [Wilcoxon
(1945)], the sample correlation integral [Grassberger and Procaccia (1983)]
and an associated scale estimator proposed by Shamos (1976) and
Bickel and Lehmann (1979). Section 5 develops the proofs of the results
stated in Section 2. A supplemental article Lévy-Leduc et al. (2010c) con-
tains the proofs of some of the lemmas. It contains also Section 6 which
concerns numerical experiments.

2. Main results. We start by introducing the terms involved in the
Hoeffding’s decomposition [Hoeffding (1948)]. Recall the definition of U,(-)
in (1) and let U(-) be defined as

(3) U(r) = /]R2 h(z,y,r)p(z)p(y)dedy , for all rin I,

where ¢ denotes the p.d.f of a standard Gaussian random variable and h is
given by (2). For all z in R, and r in I, let us define

(4) hi(x,r) = /Rh(a:,y,r)gp(y)dy.
The Hoeffding decomposition amounts to expressing, for all r in I, the dif-
ference
1
(5) Un(r) =U(r) = =1 > Xy, X)) = U(r)]
mn 1<i£j<n
as
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where
@ Walr) = 23" {n(Xir) = U()}
=1
and
(8) .
R, (r) w0 > AMXi, X)) — hi(Xs,r) — ha(X;,r) + U(r)} .

1<i#j<n

We now define the Hermite rank of the class of functions {h(-, -, 7)=U(r),r €
I} which plays a crucial role in understanding the asymptotic behavior of
the U-process U, (-). We shall expand the function (z,y) — h(z,y,r) in a
Hermite polynomials basis of L?D(}Rz), that is, the L? space on R? equipped
with product standard Gaussian measures. We use Hermite polynomials
with leading coefficients equal to one which are: Hy(z) = 1, Hi(z) = =,

Ho(z) = 22 — 1, H3(x) = 2% — 3x,... . We get

) hwyr) = 3 222 ), i IR,
pa>o PC

where

(10) apq(r) = E[R(X, Y, r)Hy(X)Hy(Y)]

and where (X,Y) is a standard Gaussian vector that is X and Y are inde-
pendent standard Gaussian random variables. Thus,

2 o 0412,’[1(7")
(11) E[h%(X,Y,r)] _p;O il

Note that ago(r) is equal to U(r) for all r, where U(r) is defined in (3).
The Hermite rank of A(-,-,r) is the smallest positive integer m(r) such that
there exist p and ¢ satisfying p + ¢ = m(r) and o, 4(r) # 0. Thus, (9) can
be rewritten as

Qp (T .
(12) ha,y,r)—Ur)= > %(!)Hp(x)Hq(y) , in L2(R?) .
P,q20
p+q>m(r)
The Hermite rank m of the class of functions {h(-,-,r) —U(r) ,r € I} is the
smallest index m = p+ ¢ > 1 such that «a, 4(r) # 0 for at least one 7 in I,
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that is, m = inf,c; m(r). By integrating with respect to y in (9), we obtain
the expansion in Hermite polynomials of hq as a function of x:

(13) mer) —U6) = 3 2 ) i 12(R) |
p>1 P

where L?D(R) denotes the L? space on R equipped with the standard Gaus-
sian measure. Let 7(r) be the smallest integer greater than or equal to 1 such
that a;o(r) # 0, that is, the Hermite rank of the function h;(-,r)—U(r). The
Hermite rank of the class of functions {hq(-,r)—U(r) ,r € I} is the smallest
index 7 > 1 such that o, o(r) # 0 for at least one r. Since 7(r) > m(r), for
all » in I, one has

(14) TZ>Zm.

In the sequel, we shall assume that m is equal to 1 or 2. As shown in Section
4, this covers most of the situations of practical interest. Theorem 1, given
below, establishes the central-limit theorem for the U-process {y/n(U,(r) —
U(r)),r € I} when

D>1/mand m=2.

THEOREM 1. Let I be a compact interval of R. Suppose that the Hermite
rank of the class of functions {h(-,-,7) —U(r) ,r € I} as defined in (12) is
m = 2 and that Assumption (A1) is satisfied with D > 1/2. Assume that h
and hy, defined in (2) and (4), satisfy the three following conditions:

(i) There exists a positive constant C' such that for all s, t in I, u, v in
R,

(15)  E[h(X +u,Y +v,5) = (X +u,Y +0,t)[] < Clt = 5],

where (X,Y) is a standard Gaussian vector.
(i) There exists a positive constant C' such that for all k > 1,

(16)  E[A(X1 +u, X14 + v, 1) = h( Xy, Xig, 1)[] < C(fuf +[v])

(17)  E[A(Xy, X s) — h(X0 Xpar t)]] < Clt — s

(iii) There exists a positive constant C' such that for allt, s in I, and x, u,
v in R,

(18) |hi(x 4+ u,t) — hy(z +v,t)] < C(lu] + |v]) ,
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and
(19) |hi(z,s8) — hy(z,t)|] < Clt —s] .

Then the U -process
{\/E(Un(r) - U(T))vr € I}

defined in (1) and (3) converges weakly in the space of cadlag functions D(I)
equipped with the topology of uniform convergence to the zero mean Gaussian
process {W (r),r € I} with covariance structure given by

(20) E[W(s)W(t)] = 4 Cov(hi(X1,5), h1(X1,1))

+4> {Cov(hi(X1,s), h1(Xe11,t) + Cov(hi(X1,t), b (Xei1,8))} -
>1

PROOF OF THEOREM 1. The proof of the theorem follows from the de-
composition (6) and Lemmas 9 and 10, given in Section 5.1. Lemma 9 states
that {y/nW,(r),r € I} converges weakly in the space of cadlag functions
D(I) equipped with the topology of uniform convergence. Lemma 10 states
that sup,c;v/n|Ry(r)| = op(1). Its proof uses Lemmas 11, 12 and 13. O

REMARK 1. The examples of Section 4 satisfy the conditions (15) to
(19), e.g. through the choice G(z,y) = (z + y)/2. More generally, suppose
either:

(i) G is linear.

(ii) The function G can be written as G(x,y) = g(L(z,y)) where L(z,y) =
ax+ [y is some linear function of (z,y), a and 3 in R are such that |a| = |f|
and g is an even function satisfying for some A\, > 0: Vz, t < g(z) < s =
Agt < |z] < Ags.

(iii) G > 0 and satisfies the triangle inequality: G(z + ',y +v') < G(x,y)
G(2',y') and there exists some constant C' such that for all (x,y), G(z,y)
Clal + lyl)-

Then Condition (i) implies Conditions (15) to (19), Condition (ii) implies
Conditions (15), (17) and (19) and Condition (iii) implies Conditions (16)
and (18). The proofs are based on techniques similar to the verification of
(27) in Section 4.1 where G(z,y) = (x + y)/2.

IN +

REMARK 2. Theset I in the previous theorem may be equal to [—o00, +00]
which involves the two-point compactification of the real line. Since [—o0, +00]
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is compact, all functions in D(|—o0, +00]) are bounded. In fact, that space
is isomorphic to D0, 1].

When D < 1/m, W,, and R,, are not the leading term and the remainder
term, respectively. Note that, on one hand, for a fixed r, Corollary 2 of
Dehling and Taqqu (1989) gives R, (r) = Op(n~" L(n)) for any D in (0,1).
On the other hand, if D < 1/7, where 7 is defined in (14), Theorem 6 of
Arcones (1994) implies that W, (r) = Op(n~"P/2L(n)™/?) and if D is in
(1/7,1/m), Wy(r) = Op(n~"?) by Theorem 4 of Arcones (1994). Thus,
if for instance, 7 = m = 2, W, (r) and R, (r) may be of the same order
Op(n~PL(n)). Hence, to study the case D < 1/m, we shall introduce a
different decomposition of U, () based on the expansion of h in the basis
of Hermite polynomials given by (9). Thus, U,(r) defined in (1) can be
rewritten as follows

(21) n(n — D{Un(r) = U(r)} = Wa(r) + Ra(r) ,
where
@ W= Y Y elamm).
1<i#j<n p,g>0 ”
p+g<m

Introduce also the Beta function

(23) B(e,f) = /OOO y 1+ y) Py = % :

The limit processes which appear in the next theorem are the standard

a>0,8>0.

fractional Brownian motion (fBm) (Z;,p(t))o<t<1 and the Rosenblatt process
(Z2,p(t))o<t<1. They are defined through multiple Wiener-It6 integrals and
given by

24)  Zip() :/R {/Ot(u—a:);wﬂ)pdu} dB(z), 0<D<1,

and
(25)

/ t
Zo.p(t) = /R 2 [ /0 (u— )7 P2y - y);w“)/zdu] dB(z)dB(y), 0<D<1/2,

where B is the standard Brownian motion, see Fox and Taqqu (1987). The
symbol [ " means that the domain of integration excludes the diagonal. Note
that Z; p and Z p are dependent but uncorrelated. The following theorem
treats the case D < 1/m where m =1 or 2.
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THEOREM 2. Let I be a compact interval of R. Suppose that Assumption
(A1) holds with D < 1/m, where m = 1 or 2 is the Hermite rank of the
class of functions {h(-,-,r) —U(r) ,r € I} as defined in (12). Assume the
following:

(i) There exists a positive constant C such that, for all k > 1 and for all
s, tinl,

(26) EHh(Xl,X1+k,S) — h(leXl—i-kyt)H < C’t — S’ .

(ii) U is a Lipschitz function.
(iii) The function A defined, for all s in I, by

(27) A(s) = E[A(X, Y, s)(|X] + [XY] + |X? —1])] ,

where X and Y are independent standard Gaussian random variables,
is also a Lipschitz function.

Then,
{nmPP L) (Ualr) ~ U () ir € T}

converges weakly in the space of cadlag functions D(I), equipped with the
topology of uniform convergence, to

(201 0(Mk(D) V2 Z  p(1);r e T}, ifm=1,
and to
k(D)™ a1 (n) Z1,0(1)? + az0(r) Zo,p(1)| i €T}, ifm=2,

where the fractional Brownian motion Zy p(-) and the Rosenblatt process
Z> p(+) are defined in (24) and (25) respectively and where

(28) k(D) =B((1-D)/2,D) ,
where B is the Beta function defined in (23).
The proof of Theorem 2 is given in Section 5.3.

REMARK 3. The processes Z1,p and Z p are self-similar with mean 0.
They are, however, not normalized. One has

E[21,p(0)21,0(5)] = ELZ2 (D)5 {#7 + 821 — [t = 5P} |
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E[Z2,p(t)Z2,p(s)] = E[Zg,D(l)]% { A g g2y — 3\2H2} ,

where H; =1—-D/2 € (0,1/2), Hy=1—D € (0,1/2) and

_ )
(20) B2 (1) = 55T
2
(30) B2 o) = 55 s 5T

with k(D) defined by (28). See Remark 5 below for justification. The non-
Gaussian random variables Zi p(1) and Z3 p(1) are dependent. Their joint
cumulants are given in (89) in the supplemental article Lévy-Leduc et al.
(2010c).

REMARK 4. The results of Theorem 2 can be extended to the two-
parameter process {Up,,(r) —U(r);r € 1,0 <t < 1}. One can show that

an/2
{W (U[nt}(r) —U(T)); rel,0<t< 1}

converges weakly in D(I x [0,1]), equipped with the topology of uniform
convergence, to

{ZQI,O(T)k(D)_l/zzLD(t); (S 170 <t< 1} ; ifm=1 3
and to
(D)™ [a11 (1) Z1,p(1)? + a20(n) Zop(B)] s r € LO<E <1}, ifm=2.

3. Asymptotic behavior of empirical quantiles. We shall apply
Theorems 1 and 2 in the preceding section to empirical quantiles. Recall
that if V' : I — [0,1] is a non-decreasing cadlag function, where I is an
interval of R, then its generalized inverse V! is defined by V~!(p) = inf{r €
I, V(r) > p}. This applies to U, (r) and U(r) since these are non-decreasing
functions of r. We derive in the following corollaries the asymptotic behavior
of the empirical quantile U, !(-) using Theorems 1 and 2.

COROLLARY 3. Let p be a fized real number in (0,1). Assume that the
conditions of Theorem 1 are satisfied. Suppose also that there exists some r
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in I such that U(r) = p, that U is differentiable at v and that U'(r) is non
null. Then, as n tends to infinity,

VAU () = U ) = =W (U )/ (U )
where W is a Gaussian process having a covariance structure given by (20).

PROOF OF COROLLARY 3. By Lemma 21.3 in van der Vaart (1998), the
functional T': V +— V~1(p) is Hadamard differentiable at V tangentially to
the set of functions h in D([0, 1]) with derivative T{,(h) = —h(V~1(p))/V'(V~1(p)).
Applying the functional Delta method (Theorem 20.8 in van der Vaart (1998))
thus yields

V(U (p) = U™ () = Ty {v/n(Un — U)} + op(1)

DU )
= Vo))

+op(1) .
The corollary then follows from Theorem 1. O

COROLLARY 4. Let p be a fized real number in (0,1). Assume that the
conditions of Theorem 2 are satisfied. Suppose also that there exists some r
in I such that U(r) = p, that U is differentiable at v and that U'(r) is non
null. Then, as n tends to infinity,

an/2

W(Un_l(p) — U (p))

converges in distribution to

and to

—k(D)" {ar 1 (U 1) Z1,0(1)* + a20(U ™ (0) Zo,p (1) } /U (U (), if m =2,

where Zy p(-) and Za p(-) are defined in (24) and (25) respectively, k(D) in
(28) and oy, 4(-) is defined in (10).

The proof of Corollary 4 is based on similar arguments as the proof of
Corollary 3 and is thus omitted.
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4. Applications. We shall use the results established in Sections 2
and 3 to study the asymptotic properties of several estimators based on
U-processes in the long-range dependence setting.

4.1. Hodges-Lehmann estimator. Consider the problem of estimating the
location parameter of a long-range dependent Gaussian process. Assume
that (Y;);>1 satisty YV; = 6 + X; where (X;);>1 satisfy Assumption (Al).
To estimate the location parameter ¢, Hodges and Lehmann (1963) suggest
using the median of the average of all pairs of observations. The statistic
they propose is

Yi+Y;

éHL:median{ ;1§i<j§n}

X+ X
= 0 + median {%

I 1<i<j< n} .
Define the U-process Uy, (r), r € R by (1), where G(z,y) = (x + y)/2. The
Hodges-Lehmann estimator may be then expressed as

Opr =0+ U1(1/2) .

If A and B are independent standard Gaussian variables,
(31)

a1,0(r) = ap1(r) = E[AL{ay p<ory] = — /R e(2r—y)e(y)dy = —p(rv2)/V2,

using xp(x) = —¢(x), where ¢ denotes the first derivative of ¢. The quanti-
ties in (31) are different from 0 for all r in R since ¢ is the p.d.f of a standard
Gaussian random variable. Thus, the Hermite rank m of the class of func-
tions {1¢(..)<r — @0,0(7); 7 € R} is equal to 1. In order to derive the asymp-
totic properties of 07, we now check the conditions of Theorem 2. Let us
check Condition (26). Note that for all & > 1, X7+ X114 ~ N(0,2(1+p(k))),
thus if t < s,

- V2s V2t
E[A(X1, X14k, 8) — M( X1, Xigp, 1)) = @ <Tp(k)> -® (Tp(@)

_ L li-s
>~ ﬁ /—1+p* 9

where ® is the c.d.f of a standard Gaussian random variable and p, =

infy p(k) > —1. Hence (26) holds. Similarly, |U(s) — U(t)| < |®(v/2s) —
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®(v/2t)| < 72|t — 5| and hence U is a Lipschitz function. Let us now
check Condition (27). Note that, if s <t

/ / Liscary<y (2] + |2y] + 2 — 1) p(2)p(y)dzdy =

/([:_j so(y)dy> leso(x)dx+/</t_x|ylso( ) y> 2| (x)da
[ ([ oway) 12 - tlptayia

Using that ¢(-) and |.|¢() are bounded and that the moments of Gaussian
random variables are all finite, we get (27). The assumptions of Theorem 2
are thus satisfied with m = 1 and hence we get that

{nD/2L(n)_1/2 (Un(r) =U(r));—co <r < —i—oo}
converges weakly in D([—o0, +o0]), equipped with the sup-norm, to
{—V2k(D)"p(rv/2) Z1 p(1); —00 < 7 < +o0} .

Here, U(r) = [®(2r — x)p(z)dz, U'(r) = 2 [ o(2r — z)p(z)dz, U0) =
1/2 [(®(z) + ®(—z))p(x)dz = 1/2, U1(1/2) = 0 and U'(U"'(1/2)) =
U'(0) = 1/y/7. Since, by (31), a10(U(1/2)) = a10(0) = —(2y7)~",

Corollary 4 implies that
(32) nPR2L(n) " (b, — 0) -5 k(D) V22 p(1)

where using (29), k(D)~Y/2Z; p(1) is a zero-mean Gaussian random variable
with variance 2(—D 4 1)~'(—=D + 2)~!. Let’s now compare the asymptotic
behavior of the Hodges-Lehmann estimator with that of the sample mean.
Lemma 5.1 in Taqqu (1975) shows that the sample mean Y, = n=1 37" | V;
satisfies the following central limit theorem

nP2L(n) V2V, — 0) -5 k(D)2 21 p(1) .
We have thus proved

PROPOSITION 5. In the long-memory framework with 0 < D < 1, the
asymptotic behavior of the Hodges-Lehmann estimator is Gaussian and given
by (32). It converges to 0 at the same rate as the sample mean with the same
limiting distribution. There is no loss of efficiency.

A similar result was proved in Beran (1991) for location M-estimators.
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4.2. Wilcoxon-signed rank statistic. Assume that (Y;);>1 satisfy Y; =
0 + X; where (X;);>1 satisfy Assumption (A1l). The Wilcoxon-signed rank
statistic first proposed by Wilcoxon (1945) can be used to test the null
hypothesis (Hp): “ 6 = 07 against the one-sided alternative (Hj): “ 6 > 0
” . based on the observations Y7,...,Y,,. It is defined as

T, =Y Rjl{x,>0} »
j=1
where the R;’s are the ranks of Xi,...,X,. Thus 7T, is the sum of the
ranks of the positive observations. Let us study this statistic under the null
hypothesis. One will reject the null hypothesis if the value of T,, is large.
Following Dewan and Prakasa Rao (2005), T}, can be written as
(33) Tn=> Iixsop+ Y. Lixsx,500 = nUn1+ @Unﬁ :
i=1 1<i<j<n
The Hermite rank of 1.0y —P(X; > 0) equals 1, because E[X7 (1{x,>0} —
P(X; > 0))] > 0. We then deduce from Theorem 6 of Arcones (1994) that

(34) nP2L(n) V2 U,y — P(X1 > 0)) = O,(1) .

The asymptotic properties of Uy, 2 can be derived from those of U,,(0) where
Un(+) is the U-process defined in (1) with G(x,y) = x + y. Using the results
obtained in the study of the Hodges-Lehmann estimator, we obtain that
a10(r) = apa(r) = —¢(r/v/2)/v/2, which is different from 0 for all r in
R since ¢ is the p.d.f of a standard Gaussian random variable. Thus, the
Hermite rank of the class of functions {1¢(. )<, — aoo(r);r € R} is equal
to 1. Using the same arguments as those used in the previous example,
the assumptions of Theorem 2 are fulfilled with m = 1. Since 2a;(0) =
—2¢(0)/V2 = —1/y/7, we get
(35) nP2L(n) "2 (U, — Us(0)) -5 le p(1),
’ \/E ’
where U2(0) = [ [ 1zqy>0r0(z)p(y)dedy = 1/2 and k(D) is the constant
given in (28). From (33), (34) and (35), we get
9nD/2
n(n — 1)L(n)/2

(Tn — nIP’(Xl > 0) — n(n — 1)U2(0)/2)

nD/ -1/
e Un.a — Uz(0)) + 0p(1) -5 &\/;Zlﬁ(l) ,

- L(n)1/2 (
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which can be rewritten as follows

(36) nP/2L(n)"V/2 <n(n2_ 5T o -12) L LCIREPRNAY

We have thus proved

PROPOSITION 6. In the long-memory case with 0 < D < 1, the asymp-
totic behavior of the Wilcozon-signed rank statistic Ty, is Gaussian and given

by (36).

The Wilcoxon one-sample statistic U,, 2 was also studied by Hsing and Wu
(2004) pp. 1617-1618 by using a different approach. We obtain the additional
constant k(D)2 in the limiting distribution compared to their result.

4.3. Sample correlation integral. In the past few years, a lot of atten-
tion has been paid to the estimation of the correlation dimension of a
strange attractor. In many examples, the correlation dimension « of an
invariant probability measure p can be expressed through the correlation
integral C\(r) = (p x p){(z,y) : |z —y| < r} through C,(r) = Cr®, as
r tends to 0, where C' is a constant. For further details on the correlation
dimension and its applications, see Borovkova, Burton and Dehling (2001).
Grassberger and Procaccia (1983) proposed an estimator of the correlation
dimension based on the sample correlation integral U, (r), defined in (1) with
G(2,y) = |r—yl. In this case, a1,0(r) = ap,1(r) = [ 21 {jg—y|<rre(@)(y)dzdy
= [gz[®(x + 1) — ®(x — 7)]¢(r)dz, where, as before, ¢ and ® are the
p.d.f. and the c.d.f. of a standard Gaussian random variable, respectively.
Using the symmetry of a standard Gaussian random variable, one gets
a10(r) = ap1(r) = 0. Lengthy but straightforward computations lead to

(37) a0(r) = aga(r) = —a11(r) = ¢(r/V2),

where ¢ denotes the first derivative of ¢. It is non-null if » # 0. Thus, for
any compact interval I which does not contain 0, the Hermite rank of the
class of functions {1g(..y<, — apo(r),” € I} is equal to 2. Let us assume
that (X;);>1 satisfy Assumption (Al). In the case where D > 1/2, let us
check the assumptions of Theorem 1. Conditions (15) and (16) can be easily
checked and Condition (17) is fulfilled by using similar arguments as those
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used in the example of the Hodges-Lehmann estimator. Conditions (18) and
(19) are satisfied since

(38) hy (:Evr) = /I‘% ]l{|m—y|§r}(10(y)dy = (I)(:E + 7") - (I)(:E - 7") ’

where ® is the c.d.f of a standard Gaussian random variable. Thus, in the
case where D > 1/2,

{\/E(Un(r) - U(T))vr € I}

converges weakly in D(I), equipped with the topology of uniform conver-
gence, to the zero mean Gaussian process {W(r),r € I} with covariance
structure given by

(39) E[W(s)W(t)] = 4 Cov(hi(X1,5), h1(X1,1))
+ 4 Z{COV(hl (X1,8), h1(Xpy1,t)) + Cov(hi(X1,t), h1(Xes1,9))} s
>1

where h; is given in (38). If D < 1/2, with similar arguments as those
used in the example on the Hodges-Lehmann estimator, the assumptions of
Theorem 2 are satisfied with m = 2 and we get using (37), that

{k(D)nP L(n)™ (Un(r) = U(r)) ;7 € T}

converges weakly in D(I), equipped with the topology of uniform conver-
gence, to

(40) {¢(r/V2)(Za,p(1) = Z1,p(1)*);r € I} .
where I is any compact set of R which does not contain 0. Thus

PROPOSITION 7.  In the long-memory case with 1/2 < D < 1, the asymp-
totic behavior of the sample correlation integral Uy (r), r € I is Gaussian with
covariance (39). If 0 < D < 1/2 and if I is a compact set in R which does
not contain 0, then the limit is non-Gaussian and given in (40).

4.4. Shamos scale estimator. Assume that (Y;);>; satisfy ¥; = 0 .X; where
(Xi)i>1 satisfy Assumption (A1). The results of the previous subsection can
be used to derive the properties of the estimator of the scale o proposed
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by Shamos (1976) and Bickel and Lehmann (1979). From Y7,...,Y,, it is
defined by

opr, = ¢ median{|Y;—Y;|;1 <i < j < n} = co median{|X;—X;[;1 <i < j <n},

where ¢ = 1/(v/2071(1/4) ~ 1.0483 and ® is the c.d.f of a standard Gaus-
sian random variable to achieve consistency for ¢ in the case of Gaussian
distribution. oy, involves the median of the distance between observations.
As is the case for the standard deviation, if the Y;’s are transformed into
aY; + b, then 6pr is multiplied by |a|. Here G(z,y) = |z — y|, U(r) =
[[®(x+71)—®(z —7)]p(@)ds, U'(r) =2 [ o(z +r)p(x)de, U1(1/2) = 1/c
and U'(U71(1/2)) = U'(1/c) = V2¢(1/(cV/2)). By Corollary 3, we obtain
that for D > 1/2,
coW(1/c)
V20(1/(ev2))

where W is a Gaussian process having the covariance structure (20) with h;
given in (38). Consider now the case D < 1/2. By (37), aao(U71(1/2)) =
—a11(U7H1/2)) = —a1.1(1/c) = ¢(1/(cv/2)). Hence, we deduce from Corol-
lary 4 that, if D < 1/2,

(41) NG

(42) K(DIPLn) 65 — o) o LPWVD) ) a2 g )

Let us now compare the asymptotic behavior of the Shamos scale estima-
tor with that of the square root of the sample variance estimator, 7,y =
(Y -Y)?/(n— 1))Y/2. We have
n
n(n — 1)(&%73/ —0%) =0o?n

7

(X2 -1 = > XiX;+n],
1 1<i,j<n

so that by Lemma 15,
K(D)nPL(n) 162y — o) -5 0(Zo,p(1) — Z1,p(1)?) .

We apply the Delta method to go from o2 to o, setting f(x) = 1/, so that
f'(e?) =1/(2V02) = 1/(20). We obtain

(43)  K(DIPL) (ny — o)~ S(Zen(1) = Zup(1)?) -

Thus,
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PROPOSITION 8. In the long-memory case with 1/2 < D < 1, the asymp-
totic behavior of the Shamos scale estimator 6y, is Gaussian and given in
(41). If 0 < D < 1/2, it is non-Gaussian and given by (42); in this case, 5py,
converges to o at the same rate as the square root of the sample variance
estimator with no loss of efficiency.

5. Proofs of Theorems 1 and 2.
5.1. Lemmas used in the proof of Theorem 1.

LEMMA 9.  Under the assumptions of Theorem 1, the process {\/nWy(r),r €
I}, where Wy(-) is defined in (7), converges weakly in the space of cadlag
functions equipped with the topology of uniform convergence to the zero mean
Gaussian process {W(r),r € I} with covariance structure given by

E[W(S)W(t)] =4 COV(hl (Xl, S), hl (Xl, t))

+4% {Cov(h(X1,s),h1(Xer1,t)) + Cov(hi (X1, 1), b (Xpy1,8))} -
>1

The proof of Lemma 9 is in the supplemental article Lévy-Leduc et al.

(2010c).

LEMMA 10.  Under the assumptions of Theorem 1,

sup Vn|Ry(r)| = op(1) ,

where R, is defined in (8).

The proof of Lemma 10 is in the supplemental article Lévy-Leduc et al.
(2010c).

LEMMA 11.  Under the assumptions of Theorem 1, there exist positive
constants C' and « such that, for large enough n,

(44) B[(Ru(t) - Ra(o))2 < O L2 poransitet,

where R, is defined in (8).

The proof of Lemma 11 can be found at the end of this subsection and is
based on the following lemmas 12, 13 and 14.
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LEMMA 12. Let f : R? — R be a bounded function such that its deriva-
tive 95 f /0x30y> emists. Let (X,Y) be a standard Gaussian random vector.
Assume that E {(ai“f(X, Y)/@xiayj)z} < oo, for all 1 < i,5 < 3, then
the Hermite coefficients of f defined by c,q(f) = E[f(X,Y)Hy(X)H,(Y)]
satisfy, for p,q >3

(45)  lepg()] < E[@°F(X,Y) /02 0y%) 212\ (p — 3)1\/(a — 3)! .

The proof of Lemma 12 is in the supplemental article Lévy-Leduc et al.
(2010c). The following lemma is an extension of Corollary 2.1 in Soulier
(2001) and is proved in the supplemental article Lévy-Leduc et al. (2010c).

LEMMA 13.  Let fi1 and fa be two functions defined on R* and R,
respectively. Let I" be the covariance matrix of the mean-zero Gaussian vector
Y = (Y1,Y2) where Y1 and Y3 are in R* and R*2, respectively. Assume that
there exists a block diagonal matriz Ty of size (a1 + az2) X (a1 + a2) built from
I' with diagonal blocks I'g 1 and I'g 2 of size a1 X a1 and as X az, respectively,
such that r* = Hfglﬂ(FO - F)F51/2H2 < (1/3 —¢€), for some positive €.
In the previous inequality || Bl|2 denotes the spectral radius of the symmetric
matriz B. If at least one function f; has an Hermite rank larger than T, then

there exists a positive constant C(ay,az,€) such that

(46) E[f1(Y1) f2(Y2)]] < C(ax, az, )|l fillz,ro, | f2ll2,r (r) D2

where ||fill3 r,, = (2m)~%/?[To | ™"/ fga, f7 (@) exp(~2"Tg 2 /2)dz, i = 1,2
and [x] denotes the integer part of x.

We shall use the following notation: for a Gaussian vector (X7, Xo, X3, X4)
with covariance matrix I" and for any real-valued function of this vector, the
expected value E[f (X1, X, X3, X4)] will be denoted by Ep[f (X1, X2, X3, X4)].

LEMMA 14. Let (X3, X9, X3, Xy) be a Gaussian vector with mean 0 and
covariance matrix

I pi2 | p13 pua
_ P12 1 P23 P24
{013 P23 ‘ 1 P34J

I’
r— fu I'i2
For Ty

P14 P24 p3a 1
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and let J, and Jy, be functions from R? to R such that Er[J, (X1, X2)?] < oo
and Er[J,(X3, X4)?] < co. Then, there is a Gaussian vector (X1, Xo, X3, X4)
with mean 0 and covariance matriz

- r 0 P13 P14
P Fll F12 _ 0 1 P23 P24
For T P13 P23 1 0
P14 P24 0 1
with p13 = p13, pra = (pra—p13psa)/ /1 — P34, P23 = (p2s—pi2p13) /)1 — Pias

_ P24+ P12P13P34 — P12P14 — P23P34
P24 = 5 5 .
\/1—/734\/1—/712

If |pij| < p* for alli,j, then pi; < p* for all i,j, where

_ 4
1= (p)?

There are, moreover, functions J, and Jy such that

(47) p*

Er[Jo (X1, X2)Jp(X3, X4)] = Ep[Ja (X1, Xo)Jp (X3, X4)] ,

Er[Jo(X1, X2)] = Ep[Jo(X1, X2)] , Er[Jp(X3, X4)] = Ep[Jp(X3, X4)]

and
Er[Jo(X1, X2)?] = Ep[Ja(X1, X2)?] , Er[Jy(X3, X4)?] = Ep[ (X3, X4)?] -
If J, and Jy are bounded, then J, and J, are bounded as well.

The proof of Lemma 14 is in the supplemental article Lévy-Leduc et al.
(2010c).

PROOF OF LEMMA 11. Note that R, (t) — R,(s) can be written as

1

(48) Ry (t) — Ru(s) = nn—1)

> J(XLX;),

1<i#j<n
where

(49) J(.Z',y) = Js,t(ajay) = {h(l’,y,t) - h(.%',y, S)} - {hl(x7t) - hl(‘rﬂs)}
—{ha1(y,t) = ha(y, s)} +{U(t) — U(s)}.
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In the sequel, we shall drop for convenience the subscripts s and t. In view
of the definition of h, hy and U in (2), (4) and (3) respectively, one has

(50) [J]loo <4,

that is, J is bounded. Then, by Conditions (17) and (19), for any Gaussian
vector (X, X, X, X¢), one has

(51) E[lJ(X3, X;3)J (Xg, Xo)|] < CE[JJ(X;, X)[] < C |t — 5],

for some positive constant C' which may change from line to line. By the
degeneracy of Hoeffding projections, expanding .J into the basis of Hermite
polynomials leads to:

Cpq(s,t .
62 J) = 5 LD @) with o, = 0 = 0.9 20,
P,4>0 A

where
(53) pa(s,t) =E[J(X,Y)Hy(X)Hy(Y)],

X and Y being independent standard Gaussian random variables. Therefore,
using (51),

(54) lepal S E[J(X, Y22 (pl g)/2 < C(p! g) 2]t — 5|12

Remark that the sum in (52) is over p and ¢ such that p + g > m, since the
Hermite rank of J is greater than or equal to the Hermite rank of h. Using
(48), we obtain that

(55)
E[{Rn(t) - Rn(s)}2] < m Z E[J(Xiw iQ)J(Xisv i4)] :
1<iy#ig<n
1<ig#ia<n

We shall consider 3 cases depending on the cardinality of the set {i1,i2,43,14}.
1) We first address the case where iy = i3 and iy = i4. Using (51), we get

1

C
2(n—1)° Y E[J(Xi, Xip)? < n—|t—8| ;

2
1<ir#ia<n

which is consistent with (44).
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2) Let us now consider the case where the cardinality of the set {i1, 12, 3,74}
is 3 and suppose without loss of generality that i1 = i3. Suppose also that
p defined in Assumption (A1) has the following property: there exists some
positive p* such that

(56) lp(k)] < p* < 1/13, forall k> 1.

If we apply the same arguments as in the previous case, we get a rate of order
1/n instead of the desired rate 1/n'*®. To obtain the latter rate, we propose
to approximate J by a smooth function J. using a convolution approach.
More precisely, we define, for all z,y in R,

(57) Je(z,y) = /J(x —ez,y — ez )p(2)p(2)dzd2 .

Thus,

(58)  E[J(Xiy, Xip)J (Xiy, Xiy)] = E[Je (X, Xi ) (Xiy, Xiy)]

119 219

+E[(J — Jo)( Xy, Xip) S (Xiy, Xiy)] -

Applying Lemma 12 to f = J. and noting that, by Condition (15), ||0°J./0z30y?|| <
Ce=S|t — s|'/2, for some positive constant C', we obtain

E[Ja(Xh ) Xiz)J(Xh ) Xi4)]

Coal e o)X 20 (X))

< ce-6|t —s[V2 3" (pla) /(0 - 3)/ (g - 3)!

P,q=>3

[E[Hp (X, )] (Xiy, Xiy ) Hg (X3, )]]

where ¢, 4(J:) is the (p, ¢)th Hermite coefficient of J.. We shall apply Lemma
13 with Y] = (Xil,Xi4), Yo = X5y, a1 = 2, a2 = 1, P071 = Id, F072 =1,
fi = H,J and fy = H,. Observe that Id —I' is a 3 x 3 matrix with p entries
and hence [|[Id—T||2 < (a1 +a2)||Id —T'||oo = 3||Id —T'||0o = 3p*, where || A/

is defined for a matrix A = (a; ;)i ; by ||Allec = max; ; |a;;|. Hence, by (56),
the condition on 7* of Lemma 13 is satisfied. Since J is bounded and f5 is
of Hermite rank larger than 2, Lemma 13 with [(2 4+ 1)/2] = 1 implies that
there exists a positive constant C such that

(59)

E[Hp(Xi,) T (Xiy, Xig) Hy(Xi,)]| < CVpLa! (p(ia—ia)|V|p(ia—i1)|V]p(is—ir)]) -
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Hence,
(60)

E[Je(Xiy, Xip)J (Xiy, Xi,)] < Ce™0t=s]'? (|plia—iz) |+ |p(ia—ir) [+ |p(ia—ir)]) -
Since, for example, 371 <;, 4, <n [P(i1 —i2)| <030 <p [p(k)], and since there

exist positive constants C' and § such that |p(k)] < C(1 A |k|~P*9), for all
k > 1, we obtain that 3=, 2, <, [p(ia — i2)] < Cn? P+ Hence,

1 Ce6)t — 5|12
(61) 2 1) m; 3 E[J. (X, Xiy)J (Xiy, Xi,)] < — D=
1<i1#i1<n

We now focus on the last term in (58). By the Cauchy-Schwarz inequality
and (51),

1

(62) 2n 1) > B - ) (Xiy, Xiy) I (Xiy, X))
1S
|t —s|'/2 1/2
<Cm Y E[(J - ) (X, Xip)]'2

1<ii #ia<n

Using (57), the Jensen’s inequality and (50),

(63) E[(J — J-)*(Xiy, Xi,)]

2
= /2 {/Z[J(:E y) — J(x —ez,y — sz/)]gp(z)go(z’)dzdz/} firiio (@, y)dady
r2 (/R
< /R2 {/R2 [J(z,y) — J(x —ez,y — ') fir i (:E,y)d:ndy} 0(2)p(2")dzd2
¢ RZ{ - |J (2, y) — J(x—ez,y — 2")| fiy in (@, y)dzdy }o(2) (2" )dzd2" |

where f;, ;, is the p.d.f of (X;,, X;,). By (49), Conditions (16) and (18),

60 [ (], 170 = T =2, - )| fi a0, y)dady) o)l dad
g&/4m+wmwﬂwwm30a
R

Using (62), (63) and (64), we get
(65)
1

51/2‘,5_ 8‘1/2
n?(n —1)2 '

n

Y. Bl = J)(Xiy, Xip)J (Xiy, X)) < C
1<iyj#ig<n
1<i1#ia<n
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Note that (61) involves the factor =% and (65) involves the factor £'/2. By
choosing e = ¢, =n™" with 0 < v < (D —¢)/6 in (61) and (65), we obtain
a result consistent with (44).

If Condition (56) is not satisfied then let 7 be such that p(k) < p* < 1/13,
for all k > 7. In the case where, for instance, |iy — i4| < 7 then, using that
J is bounded, Conditions (17) and (19), we get that

S S EL(Xi, Xip)J(Xiy, X)) < ¢ T
n2(n _ 1)2 i 17 <212 19 “rg n2 )
1<iy#ig<n,|ig—ia|<T
instead of (61), but the result is still consistent with (44). The same result
holds when iy — i4| < 7 or |i; — 2] < 7. Note also that the remaining sum
over the indices such that |i; —ia| > 7, [i1 —i4| > 7 and |iz — 4| > 7 can be
addressed in the same way as when Condition (56) is satisfied.

3) Now, we assume that the cardinal number of the set {i1, 42,13, 14} equals

4 and that Condition (56) holds. By Lemma 14,

(66) E[J(XiuXiz)J(vaX )] = Ef[JiLiz(XiuXiz)Ji37i4(X237X )] :

Here (X;,, X;,, Xis, X;,) is a Gaussian vector with mean 0 and covariance
matrix I' defined in Lemma 14 where pij = pli —3), Jo = Jp = J, Jo =
Jiri, and J, = Ji,,,. Since the covariance of (X, X;,) and (X, Xi,
is the identity matrix, we can expand J;, ;,(X;,, X4,) and Ji, 4, (Xiy, Xiy)-
Jir.in (Xiy, Xi,) is the limit in L%, as K — oo, of

42

Ji[l(,iQ ’1’ Z\/I%le )sz(Xiz)a

(67)

with a similar expansion for Jg i (Xiy, Xi,). Therefore,
(68)
[}i_I)nOOEf‘[JiLh(XiNXZ )J23724(X23=Xi4)_J'K'

Thus it is enough to majorize

(69) Ep[J s, (Xiy, Xip) Jiy i, (K i)

621712 ‘ ’ 13,04

’ e > —
< Z Z 11 pa | [%ps'pal \Ep[Hy, (X1)Hpy (X2)Hpy (X3)Hp, (X4)]] -
L<prpe<K 1<pspi<i P1IP2! p3lpd!
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By Lemma 3.2 in Taqqu (1977), Ep[Hyp, (X, ) Hp, (Xiy) Hps (Xiy) Hp, (Xi,)] is
zero if p; + --- 4+ pyg is odd. Otherwise it is bounded by a constant times
a sum of products of (p; + -+ + p4)/2 covariances. These will be denoted
pi; = E(X;X;) and are given in Lemma 14. Since p(k) < p* < 1/13, we
have that p; ; < p* < 1/3, where p* = 4p*/(1 — (p*)?) by (47). Bounding,
in each product of covariances, all the covariances but two, by p* < 1/3, we
get that
Ep[Hp, (Xiy ) Hpy (X, ) Hpy (Xiy ) Hp, (Xi4)] is bounded by
(70)

C (307)

P1tpo+p3+tpra o —
2 24

(i17 12,13, Z‘4)“@[];[101 (X)sz (X)HPB (X)HIM (X)] ’ s
where, since p;, i, = Piziy =0,

(71) A(i17 i27 Z‘37 Z4) = ﬁ’il,igﬁiz,m + ﬁi27i3ﬁi1,i4 + ﬁ’il,igﬁiz,ig + ﬁ’il,’i4ﬁi27i4

+ PisisPivia T PigyizPisyia 5

and where X is a standard Gaussian random variable. Note also that the
hypercontractivity Lemma 3.1 in Taqqu (1977) yields

p1+pa+tp3+p
(72)  [E[Hy, (X)Hpy(X) Hyy (X)Hpy (X)) <372 Vil pal psl pal -
Thus (69) is bounded by
T +r2 3,14 p3+p4
CA Z P1,P2 ( ﬁ*)plT—l P3,P4 (3ﬁ*)T_1 ]
(1<p1,p2<K VP P2 1<py i< VD3 PL:
By the Cauchy-Schwarz inequality, the first term in brackets is bounded by

(civiz 2\ 12
(73) ( Z M) ( Z (3ﬁ*)§01+;02—2)

| |
1<p1po<i PL" P2 1<p1 p2<K

11,82

< [Jil,ig (XilyXig)ﬂlﬂ (2(3[)*);0—1) ;

p=>1

where I is the identity matrix and similarly for the second term. Since p* <
1/3, it follows from Lemma 14 that (69) is bounded by

(74) CA Er [Jh,iz (Xi17Xi2)]1/2 Er [Ji3,i4(Xi3, _i4)]1/2

1/

_ 511/2 511/2 _
=CA Er,, {J(Xiniz) } Er,, {J(Xiw i4) } < CA’t_ 3’ )
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where we used (51) and the fact that J is bounded. Thus, in wiew of (66),
(68), (69) and (74), we have

1

(75) n?(n —1)2

> EBU(Xi, Xip) I (X, Xiy)]
1<y yig,ig.ig<n
‘{i17i27i37i4}|:4

|t — s 3 A(i1, iz, 13, 0
<olt=sl A(iy,i9,13,14) -
S 20 — 1)2 Y

n (Tl 1) 1<y ,ig,i3,i4<n

[{i1,12,i3,i4}|=4

We need to evaluate that sum. Recall that A = A(i1, 149, 13,i4) is defined in
(71) with the p; ; defined in Lemma 14. We shall treat one summand in A
(the others are treated in the same way). We have

PirisPiz,ia < Cplin —i3)[p(i3 — ia) + p(in — ia) + p(iz — ia) + p(iz — ia)] .

Using that there exist positive constants C' (changing from line to line) and
e such that |p(k)| < C(1 A [k|7P*+9), for all k > 1, we get

Yoo plin—igpliz—ia) =( Y plir—i2)®> <n?( Y p(k))?

1<y ,ig,ig,ig<n 1<ii#ia<n |k|<n
[{i1,d2i3,94 }|=4

and

Z p(i1 — i2)p(iz — i4) i Z pli1 — i2))2

1<iq ,ig,ig,ig<n 2=1 1<i1#i2<n
[{i1,02i3,94 }|=4

n io—1 n
— Z Z ,0 21_22 + Z p 21_12 S Cn Z Zg—QD-I—ZE < Cn4—2D+2€ )
io=1 11=1 i1=io+1 io=1

Therefore, Relation (75) is bounded by Cn~=2P*+2¢|t — 5|, which is a result
consistent with (44) with 2e = D —1/2 > 0.
If Condition (56) is not satisfied, then let 7 be such that
1

(76) sup (k) < <= (1~ sup_p(k))
k>T 1<k<tr
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In the case where, for instance, |i; — i3] < 7 and |is — i4] < 7, there is no
need to use (76) because we get using (51),

1

(77) n?(n —1)2

> E[J(Xi,, Xip)J (Xig, Xiy)]
1<iq ,ig,i3,i4<n
[{i1,i2,13,i4 }|=4,|i1—i3| <7, |ia—ia|<T

2|t — 5|

S C 2 9

n

which is consistent with (44). In the case where, for instance, |i; —i3| < 7 and
the other distances are larger than 7, we apply the same method as in 2).
What changes is the block diagonal matrix I'g involved in Lemma 13. In fact,
to evaluate E[J.(X;,, Xi,)J (Xis, Xi,)] we expand J. in Hermite polynomials,
so that we need to control E[H,(X;, )J(Xi,, Xi,)Hy(X,)]. We want to apply
Lemma 13 with Y7 = (X;,, Xi,, Xi,), Yo = X4, f1 = HpJ, fo = Hy. We let
I'o,1 be a 3 x 3 block diagonal matrix with a first block corresponding to
the covariance matrix of the vector (X;,, X;,;) and a second block equal to
1, and we let Tgo = 1, so that Tg is a 4 x 4 matrix. Observe that |Ty (T —
To)llz < 4|15 (I = T0)lloss where T3 (I = To)llos < (supy<per p(k)) (1 —
supg~, p(k))~! < 1/13, by (76). Thus, [Ty (T —Ty)|l2 < 4/13 < 1/3 —n, for
some positive 1. Hence, the condition on r* of Lemma 13 is satisfied. The
remaining sum over indices where the distances between any two indices are
larger than 7 can be addressed in the same way as when Condition (56) is
satisfied. O

5.2. Lemmas used in the proof of Theorem 2.
The following lemma proves joint convergence and provides the joint cumu-
lants of the limits (Z2 p(1), (Z1,p(1))?).

LEMMA 15. Let (X;);>1 be a stationary process satisfying Assumption
(A1) with D < 1/2 and let a and b be two real constants. Then, as n tends
to infinity,

MDY { SIS XX}%[azzmmb(zlp(n)ﬂ,

=1 1<i,5<n

where —% denotes the convergence in distribution, k(D) = B((1 — D)/2,D)
where B denotes the Beta function, Zy p(-) and Za p(-) are defined in (24)
and (25) respectively. The cumulants of the limit process are given in (89).
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The proof of Lemma 15 is in the supplemental article Lévy-Leduc et al.
(2010c).

REMARK 5. It follows from Lemma 15 that E[Zp 1(1)?] = 02 where o2
is given in (92). Moreover, setting a = 1, b = 0 in (89), we get the expression
(30) for E[Zp2(1)2].

LEMMA 16. Under Assumption (A1) there exists a positive constant C
such that, for n large enough,

(78) 75;; E[{Zn: X2 <C, whenD <1,
i=1

n2D—2 n

(79) TP E{> (X7 -1}’ <C, when D <1/2,
=1

and

n2D—4
(80) TP Ef > XiX;}’]<C, when D <1/2.

1<i#j<n

The proof of Lemma 16 is in the supplemental article Lévy-Leduc et al.
(2010c).

LEMMA 17.  Suppose that the assumptions of Theorem 2 hold, in partic-
ular D < 1/m where m = 1 or 2. Then, R, defined in (21) satisfies the
following property. There exist positive constants o and C' such that, for n
large enough,

(81) a2 E[(Ry(t) — Rn(s))?] < C|tn_—as| , foralls,t e,

where I is any compact interval of R and a,, = n™P/>=2L(n)~™/2,

The proof of Lemma 17 is in the supplemental article Lévy-Leduc et al.
(2010c).

LEMMA 18.  Under the assumptions of Theorem 2, R, defined in (21)
satisfies, as n tends to infinity,

supanlﬁn(r)\ =op(1),
rel
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where a, = n_2+mD/2L(n)_m/2, and m 1is the Hermite rank of the class of
functions {h(-,-,7) = U(r) ,r € I} which is equal to 1 or 2.

The proof of Lemma 18 is in the supplemental article Lévy-Leduc et al.
(2010c).

5.3. Proof of Theorem 2. Consider the decomposition (21). Since G(z,y) =
G(y,x), one has a1 o(r) = ap1(r), a2,0(r) = ap2(r) and W,, defined in (22)
satisfies

(82) Why(r) =2(n — 1)ago(r ZXZ,lfm—l
=1
(83) Wa(r) = a11(r) Y. XiXj+(n—1)age(r) Y (X7 -1), if m=2.
1<i#j<n i=1

If m = 1, using Lemma 5.1 in Taqqu (1975), if r is fixed, n?/2=2L(n) Y2 W, (r)
defined in (82) converges in distribution to 2k(D)~2ay (r)Z1 p(1). Then,
by the Cramer-Wold device, if r1, ..., are fixed real numbers,
k(D)Y2nP2=2L(n)=Y2(W, (1), ..., Wn(rg)) converges in distribution to
(2a10(r1)Z1,p(1),...,2a1,0(rk)Z1,p(1)). In the same way, if m = 2, using
Lemma 15 in Section 5.2 and the Cramer-Wold device,
k(D)nP=2L(n)"Y(Wy(r1), . .., Wn(rg)) converges in distribution to
(a1,1(r1)(Z1,0(1))*+az,0(r1) Zo,p(1), - . -, 1,1 (rk)(Z1,0(1))*+az0(ry) Zo,p (1))
We now show that {n™P/2=2L(n)~"/2W,,(r);r € I} is tight in D(I). We
shall do it in the case m = 1. By (105), Lemma 16 in Section 5.2 and
the fact that A is a bounded Lipschitz function, we get that there exists a
positive constant C' such that for all 1 < ry in I,

(P22 L(n) " )P E[{Wa(r2) = Wa(r1)}?] < C(A(r2) =A(r1)* < Clra—ri [ .

Using the Cauchy-Schwarz inequality, we obtain that for all r1, r9, r3 in I,
such that r < ro <73,

(P22 L(0) 7V2)2R [|Wa(ra) = W) [Wa(rs) — W ()|
S C|T‘2 - 7‘1||7‘3 — 7‘2| S C|T‘3 —r1|2

The tightness then follows from Theorem 15.6 of Billingsley (1968). A sim-
ilar argument holds for m = 2. Thus, {n™P/2=2L(n)="/?W, (r);r € I}
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converges weakly to {2a10(r)k(D)"/2Z; p(1);r € I}, if m = 1 and to
{k(D)7 e 1(r)Z1,p(1) + g0(r) Zo,p(1)] 57 € T}, if m = 2. To complete
the proof of Theorem 2 use (21) and Lemma 18 in Section 5.2, which ensures
that sup,c; n™P/272L(n)~™/2|R,,(r)| = op(1), as n tends to infinity.

SUPPLEMENTARY MATERIAL

Proofs of Lemmas 9, 10, 12, 13, 14, 15, 16, 17 and 18 and some
numerical experiments.
(http://lib.stat.cmu.edu/aoas/???/777). This supplement contains proofs of
Lemmas 9, 10, 12, 13, 14, 15, 16, 17 and 18 and a section containing numer-
ical experiments illustrating some results of Section 4.
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Supplement to paper “Asymptotic properties of U-processes
under long-range dependence”

This supplement contains proofs of Lemmas 9, 10, 12, 13, 14, 15, 16, 17
and 18 and a section containing numerical experiments illustrating some
results of Section 4.

PROOF OF LEMMA 9. Let us check that the assumptions of Theorem 9
in Arcones (1994) hold for the class F of functions {h;(-,7) : r € I} which
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is of rank 7 > m = 2 > 1/D. By Assumption (Al) and since 7 > 1/D, the
condition (i”) of Theorem 9 in Arcones (1994) is satisfied. We conclude the
proof of the Lemma by observing that the condition (ii) of this Theorem is
also fulfilled. To check this condition, we have to prove that
/ (N (e, 7)) ?de < o0,
0

where IV, [(?) (e,F) is the bracketing number of the class F as defined on page
2269 in Arcones (1994):

N[(2]) (e,F) = min{N : 3 measurable functions fi,..., fy and Aq,...,Ax

such that for each f € F,3i < N such that |f; — f| < A; and where

E(A%(X)) < &2 for each i < N} .

Let {r;,;i = 0,...,N} be such that: for all i, |r; — r;—1| < &/C and for all
r € I, there exists ¢ such that |r — r;| < e. The smallest N satisfying this
property is at most equal to [|I|C/e]+1, where |I| denotes the length of I. Let
us define for all ¢ > 1, f; = hy(-,r;) and A; = hy (-, 7)) —h1 (-, 7i—1). Using (19)
we first get E(A?(X)) = E({h1(X,7;) —h1(X,ri—1)}?) < C?|ri — 11| < €2
Now, let » € I and 1 < ¢ < N be such that, r,_1 < r < r;. Then, using
the fact that hy is increasing with respect to its second argument leads to
|fi — ha(,r)| < A;. Thus, N[(z]) (e,F) < [[I|C/e] 4+ 1 which yields condition
(ii) of Theorem 9 in Arcones (1994). O

PrROOF OF LEMMA 10. We want to apply Lemma 5.2, P. 4307 of
Borovkova, Burton and Dehling (2001) to {y/nR,(r),r € I}. To do this, we
prove that for all s,¢t € I,0 > 0 such that s <t <s+Jand s+ € I:

(84) \/H|Rn(t) - Rn(s)|
< V| Ry (s4+8) — Ry (8)|+2v/1| Wy (54+8) — Wi (8)|[+4vn|U (s4+0) —U(s)] .

Using the definition of R, given by (8) and the fact that h, hy and U are
nondecreasing functions with respect to r, we get:

1

n(n —1)

R, (t)—Ry(s) <

> {h(Xi, X5, t)—h(Xi, X;, )} {U()-U(s)}
1<i#j<n

Sﬁ > {h(Xi Xjs+0) = h(Xi, X, 8)} +{U(s +0) = U(s)} .
1<i#j<n
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By adding and subtracting functions h; evaluated at s+ 9 and s, we obtain:

Rp(t) — Ru(s) < {Ru(s +68) — Ru(s)} + % i{hl(X,-, s+ 0) — hi(Xi,5)} .

i=1

Adding and subtracting 2(U(s) — U(s + ¢)) leads to:
R (t)=Rn(s) < {Rn(s+0)=Rn ()} H{Wn(s40)=Wn(s) }4+2{U (s+6)-U(s)} ,

where W, is defined in (7). Thus,
(85)
Ry(t)—Rp(s) < |Rp(s+6)—Ry(s)|+|Wn(s+0)=Wy(s)|+2|U(s+0)—U(s)] .

Let us now find an upper bound for R,,(s) — R,,(t). Starting with the expres-
sion (8) for R, (r) and setting h(X;, X;,s) < h(X;, Xj,5+9), U(s) < U(s+9)
and h(X;, X, t) > hW(X;, X;,s), U(t) > U(s) since h and U are non decreas-
ing functions with respect to r, we obtain

Rn(s) — Ry(t) < n(nl_ 5 ST (X, X8 +6) — h(Xi, Xj,5)}
1<i#j<n
—2{h1(X;,s) — hi (X, 0)} +{U(s+ ) —U(s)}
< S (X X5+ 8) — h(X, X))
n(n=1) | iZien
— 2{]]1 (XZ', s+ 5) — hl (XZ', 8)}]
+ ﬁ Z [{hl(Xi,t) — hl(Xi, S)} + {hl(Xi, S+ 5) — hl(Xi, S)}]
1<i#j<n
+{U(s+96)—U(s)}
< {Ro(s + ) — Ru(s)} + % S (R (Xis 4 6) — b (X 5)}
1<i<n

Adding and subtracting 4(U(s) — U(s + 0)) leads to:

(86)

R, (s)—Ru(t) < |Rp(s+0)—Ry(s)|4+2|W,, (s+0) =W, (s)|+4|U (s+0)—-U(s)| .
Combining (85) and (86), we get for all s, € 1,6 > 0 such that s <t < s+
and s+ 0 € I:

VAIBA(t) = Ba(5)] < VAR5 + 6) — Ru(s)] + 23/l Wa(s + 8) — Wa(s)

+4vnlU(s +6) = U(s)| ,
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which is (84). Remark that U is Lipschitz by Condition (19). In Lemma 5.2,
P. 4307 of Borovkova, Burton and Dehling (2001), the monotone Lipschitz-
continuous function A is here U, a = 1/2 and the process {Y,,(¢)} is here
{v/nW,(t)}. We shall now verify that conditions (i) and (ii) of that lemma
are satisfied. Condition (i) holds because of Lemma 11. Condition (ii) in-
volves {\/nW,(t)}. Applying inequality (2.43) of Theorem 4 in Arcones
(1994) to f(-) = (hi(-,t) — hai(-,s)) — (U(t) — U(s)), which is, by (14), of
Hermite rank 7 > 2 > 1/D, we get using (19) that there exist some positive
constants C' and C” such that:

E |[Vi{Wa(t) = Wa(s)}]

=E

n 2
{% Z(hl(Xi,t) —hi(X;,8) — (U(t) — U(s))} ]

1=1
< CE[{(m(X1,0) = hi(X1,9)) = (U@ = UE)P] < s

Thus condition (ii) of Lemma 5.2 in Borovkova, Burton and Dehling (2001)
is satisfied with » = 2 and monotone function g(¢) = t. An application of
this lemma concludes the proof. O

PROOF OF LEMMA 12. Using that, for n > 1, (H,—1¢) = —H,p, where
" denotes the first derivative, and 6 integrations by parts (3 with respect to
x and 3 with respect to y), we get that for p,q > 3,

oalf) = [, 01 (@.0)/00" 0" Hy-a(y)p(0) Hy-se)o(@)dady

where ¢ is the p.d.f of a standard Gaussian random variable. (45) then
follows from the Cauchy-Schwarz inequality. O

PROOF OF LEMMA 13. Let f be a function defined on R %% such that
FY) = f(1,Y2) = fi(¥1) fa(Y2). Note that E[f(Y)] = E[f(Ty/*Z)], where
the covariance matrix of Z is equal to I'y T ry 12, By the assumption on
r*, the latter matrix is invertible and satisfies:

(15 2ITG )™ = [Taypay =T (P~ T)G 217! = Loy oyt (T (T
F)Fglﬂ)k. Let A := (F81/2FF81/2)_1 — Iy, +q,- By definition of the density
of the multivariate Gaussian distribution and the definition of the matrix
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A, we obtain that
—1/2 —1/2,1/2 1/2
0y 2y A2 By 2)]

_ 1/2 T T dz
= oo f(Iy " 2) exp(—2z" Az/2) exp(—= 2/2)(277)(a1+a2)/2

Expanding exp(—2zTAz/2) in series leads to

|r‘”2rr‘”2|1/2 Elf(Ty?2)]

S 1/2

k>0

1/2 T A Nk T dz
/Ra1+a2 F(Ty'"2)(z" Az) exp(—2" 2/2) )@z

Set v = [(T + 1)/2], where [z] denotes the integer part of z. Using that f is
of Hermite rank at least 7 and the previous equation, we get

|r‘”2rr‘”2|1/2 E[f (T 2)]
dz

1/2 1/2 \o T A Nk T
_kg; /Ral+a2 F(Ty/"2)(z" Az)¥ exp(—=2 2/2)W

Since | >ps, (—1/2)%(zTA2)F /Kl < |27 Az|” exp(|2T Az[/2) /(2" "), we ob-
tain
—1/2p—1/2 1/2
[Ty 2Ty 22 [ELF (T 2)

1
Lo )] T An exp(l2” Acl/2) exp(—"2/2)
Ra1Ta2

(2m)(@1+a)/2 °

- 27yl
Denoting by ¢ the spectral radius of A gives
—1/2—1/2 1/2
[T T 1 Bl (05 2)]]
51/

- vyl

[ HO N2 expl (62 = 172572 s

By the Cauchy-Schwarz inequality, we get

(87) |0y V2rrg A2 B[ £ (0% 2))]

¥ 2(p1/2 T dz 12
< — -
= Uyl </Ra1+a2 f (FO Z) eXp( z 3/2) (27T)(a1 +a2)/2>

[ el 12—
Ra1ta2 (271')(‘11‘1'“2)/2 ’
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By definition of A, the spectral radius § of A satisfies § < Zk21(r*)k <
r*/(1 — r*), where r* is the spectral radius of Fgl/z(Fo — F)I‘O_l/2. By as-
sumption on 7*, 6 < 1/2 — 3¢/2 which implies that the second integral in

(87) is convergent. The first integral in (87) satisfies
(83)

2/m1/2 T dz 1/2 B
Ro1t+a2 FTg7z) exp(=2"2/2) )/2 - ||le2,1“o,1||,)02H2,1“0,2 .

(27-‘-)(111 +az

Finally, under the assumption on r*, the spectral radius g of
(T PTTy 2) 7t = Sso{Ty V2 (To = T)Tg 2} satisfies do < Sgso(r)F =

1/(1-7*), so that [T /T V27172 < (1—p*)~(@1te2)/2 < (2/34¢)~(@14e2)/2 <
(3/2)(a1+02)/2 This establishes (46).

O

PrROOF OF LEMMA 14. Let I denote the 2 x 2 identity matrix. One can
express I'1; as I'y1 = Ly LL, where T denotes the transpose so that the vector
(X1, X2)T = L;Y(X1, X2)T has covariance matrix T'1; = L; T3 (L; DT =1
Similarly, I'ss = LbL;;F so that (X3, X4)T = Lb_l(Xg,X4)T has covariance
matrix I'yy = I. Then

Er[Jo (X1, X2)Jp(X3, X4)] = Ep[Ja (X1, Xo)Jp (X3, X4)] ,

where J, = J, 0 Lg, Jy = Jy 0 Ly, and

- [5 2le E u

0 L;'| |Tar To 0 (LYt
B [ I L;lflg(Lgl)T]
Ly T (T I ‘

Observe that

1 0 1 0
L, = , Lyt =
[P12 \ 1- P%z] [—/712/\/ 1- 0%2 1/\/ 1- P%J

since LaLaT = I'y1. A similar expression holds for L, with pio replaced by
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p34. Observe that

Tio = L' Tio(L, 1T =

1 0 [ﬂlz& ,014] 1 —p3s/\/1—p3,
—mz/\/l—p%z 1/\/1—p%2 P23 P24 |0 1/4/1—pdy
_ |P13 P14
P2z poal|

where the p;; are given in the statement of the lemma. This characterizes

the matrix I' since 'y = 9o = I and T'9; = F12 The relations involving p*
and p* follow from those relating the p;;’s to the py;’s. Finally, one has

EilJa(X1, X2)%] = Er,, [Ja(X1, X2)?]
and also the other similar type relations. O

PrROOF OF LEMMA 15. We first prove that, for p > 2, the pth cumulant
kp of aZs p(1) +b(Z1,p(1))? is equal to

(89) Kk, =27 (p—1)! k:(D)p/ dul...dup/ dvy ...dv,
[0,1]P [0,1]P

P
H wj —vj) +b] Juj —vi_1| 7P, with vg = v, ,
where k(D) = B((1 — D)/2,D), §(z) =1 if x =0, and 6(x) = 0 else. Using
(24) and (25),
CLZQ7D( )+b(ZlD / K a; y)dB( )dB( )+bU
where

1 41
K(z,y) = /0 /0 [ad(u —v) + b](u — x);(DH)/z(v — y);(DH)pdudv ,

and
o2 = E[Z1 p(1)?] :/[/l(u—x)+D2“du] dz

Di1 _ D1
—/ / /u—az 2 (v—a), ? da|dudv.
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Using that for 0 < a < 1/2,

(90) /R(u — x)?ﬁ_l(v — a:)i_lda: = |u— 0\20‘_1 /0 ya_l(l + y)a_ldy

= |lu — v|** 'B(a, —2a + 1),

where B(-, ) denotes the Beta function, we get

(91) /(u B x)J—r(DH)/z(v B :E)_,__(D+1)/2d33
R
=B((1 - D)/2,D)ju—v|™P = k(D)ju—v|P.
Thus,

- - . - 2%(D)
(92) 02_k(D)/0 /0 fu— vl Pudy = ST

Hence, using Proposition 4.2 in Fox and Taqqu (1987), we have that for
p =2,

Ky = 2771 (p—1)! /Rp K(z1,22)K(x2,23) ... K(xp—1,2p)K(xp, z1)dx ... dz)p .

By definition of K, and with the convention x,41 = 1,

K(z1,29)K(x2,23) ... K(xp_1,2p) K (2p, z1)d21 ... d2)

:/ dul...dup/ dvy ...dv, dzy...dz,
[0,1]P [0,1]P RP

[ad(uj —v;) + bl (uy — )7 PP (v

1
:/ dul...dup/ dvy...dw,
[0,1]» [0,1]»

p
[Tlad(u; —vj) +0] / (uj — ;)T P2 0,y — 2;)~(PHD/2
j=1 R

RP

P

J

where vy = v), since z; is associated with u; and v;_;. Using (91), we obtain
the expression (89) for the cumulants x,, p > 2. Let us now compute the
limit as n tends to infinity of the cumulants of

nD—2 D—2

_ / / _ noot s 1/2 N y1/2 v
An =T [X'(anl + b11') X 0] (X212 (anl+ 011') B12X]
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where X = (X1,...,X,,), 1 =(1,...,1), Tis the n X n identity matrix, ¥
is the covariance matrix of X and X is a standard Gaussian random vector.
Using Stuart and Ord (1987), p. 488, the pth cumulant of A,, is equal to

cum, = 2P (p — 1)! Te(BP) ,

where B,, = nP?~2L(n)~! [21/2 (anl+ b11’) 21/2} . But

3

D—2\P
Tr(B?) = <L(n) Tr [{(anI + b11")2}7]
2

nP-2\" o o
= (L(n)> Z Dy, jp(j1 —i2)Diy jop(jo —i3) - ..

1<y ,ig,..ip<n
1<j1,925-Jp<n

Dipil’jpilp(jp_l o Z.p)DipJp,O(jp - Zl) 5

where p is defined in Assumption (Al) and D;; = and(i — j) + b. With the
convention 4,41 = 41,

D

Tr(BP) = % > H {Ln(n [and(ie — je) + bp(je — ié+1)}

1<iq,ig,...,ip<n (=1
1<j1,72500p<n

D

:% > H{Ln( land(ip — jo) + blp (Je—1—ie)} ,

1<iq,ig,..,ip<n /=1 n
1<j1,025-0p <m0

where jo = jp. Thus, as n tends to infinity,

Tr(BE) — dug ... dup/ dvy ... du,
[0,1]P

with the convention vy = v, which gives the expected result. O
PROOF OF LEMMA 16. By Assumption (A1), p(k) = k=P L(k). Using the
adaptation of Karamata’s theorem given in Taqqu (1975), one gets

2
1 —mD)(2 —mD)

(93) ifD<1/m, Y [p(k)|™ n="P(L(n))™ .

|k|<n (
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The bound (78) follows from

n

ED_ X <(n+ Y Ipli=h<nl+ > |ok)),

i=1 1<i#j<n |k|<n, k0

and by setting m = 11in (93). Let us prove (79). Given that E[H,(X;)Hy(X;)] =
pl d(p — q)p(i — j)P, for all integers p,q,i,7 > 1, we obtain

E[(D (X7 - 1Y =E[ Y H(X:)H(X;)]
i=1 1<i,j<n
=2n4+2 > pli—j)* <201+ > pk)?).
1<i#j<n |k|<n,k#0

The bound (79) follows by using that D < 1/2 and (93) with m = 2. Let us
now prove (80). Note that

(94) E[( Y. XiX;)’l= Y E(XiX;XpXy)

1<i#j<n 1<i#j<n

1<k#0<n
_ Z IE(XZ?X]?)—i— Z E(X;X; X, X)) +6 Z E(X?X; X)) .
1<i#j<n 1<i,j,k,0<n 1<i,j,6<n

[{4,5,k,0} =4 [{3.5,0}]=3

Writing X? = Ho(X;) + 1 and using that E[Hy(X;)H2(X;)] = 2p(i — j)?, for
all 4,5 > 1, the first term in the r.h.s of (94) satisfies

Yo EXPX) <nP+2n Y p(k)?.
1<i#j<n |k|<n,k#0

Using Lemma 3.2 P. 210 in Taqqu (1977), the second term in the r.h.s of
(94) satisfies, for some positive constant C,

S EXGX;XpX) <Cn2( Y p(k)))? .
1<i,j,k,l<n |k|<n,k#£0
[{i,5,k.£}|=4

Writing X? = Ho(X;) + 1 and using Lemma 3.2 P. 210 in Taqqu (1977), the

third term in the r.h.s of (94) satisfies, for some positive constant C,

S E(XEX;X) < On( Y IpR))? 402 3 Jo(k)]
1<i,5,6<n |k|<n |k|<n
[{4,5,4|=3

The last three inequalities lead to the expected result by using (93). O
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PROOF OF LEMMA 17. Set oy 4(s,t) = oy q(t) — apq(s) for all s,t in R,
where «,, 4(-) is defined in (10). Then

(95) E[(Rn(t) - EH(S))2] - Z E[jS,t(XiuXh)jSJ(Xiw i4)] s
12kt

where for all z,y in R and s,¢ in I,

(96) JSJ»(xa y) - (h(l’, Y, t) - h(l’, Y, S)) - (al,o(t) - al,o(s))(x + y)
U —U(s)), ifm=1,

O7)  Jsi(z,y) = (h(2,y,1) = Wz, y, ) — (11 (t) — ara(s))zy
- %(ag,o(t) —ago(s)) (@t +y? —2) —(Ut) —U(s)), ifm=2.

To obtain these relations express Ry, (t) — Ry (s) using (21), (5) and (22). We
now consider 3 cases, depending on the cardinality of the set {iy,1i2,1i3,14}.

1) We start with the case of cardinality 2. Let us address the case where
the sum is over the set of indices {i1,i2,13,44} such that i1 = i3 and is = iy.
We shall only focus on the case where m = 1 because the case m = 2 could
be addressed in the same way. We thus need to show that

(98) E[(Rn(t) — Ra(s))?] < Cn*= P2t — 5] .
Using that h, U and a1 are bounded functions, there exists a positive
constant C' such that

Z E[jg,t(Xil?Xiz)] <C Z EHh(XiuXizat) - h(XiuXizaS)‘

1<ir#ia<n 1<ir#ia<n

+lo,o(t) — a1,0(8){(Xi, + Xiy)* + [ X, + Xapl} +|U(8) — U(S)ﬂ :

Since Condition (26) holds and U, A, defined in (27) are Lipschitz functions,
there exist positive constants C7 and Cy such that

Z E[jg,t(XiuXiz )]
1<ii#ia<n
<Cin-Dt—s|+Colt—s| > E[(Xi +Xin)* + | Xip| + [ Xis]

1<ir#ia<n
<Cn(n—-1)t—s|,
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which gives (98).

2) Let us now address the case where the sum is over the set of indices
{i1,12,13,74} having a cardinal number equal to 3 i.e. for instance when
i3 = i1. As previously, we focus on the case where m = 1. Using that h, U
and a1 g are bounded functions, Condition (26), the Lipschitz property of U
and K, there exists a positive constant C' such that

Z E[js,t(XhaXiz)jsi(XiuXM)] < Cnslt - 3’ )

1<iq #ig<n
1<ii#ia<n

which gives (98).
3) Let us now consider the case where the sum is over the indices i1, i2, i3, i4
such that the cardinal number of the set {i1, 12, 3,44} is equal to 4. This case

is similar to the case 3) in the proof of Lemma 11. We need to show that
|t — 5]

(99) ey > EU(Xa, Xip)J (X, X)) < O,

1<iy,ig,13,14<n

[{i1,42,i3,94}|=4
where a, = n™P/22[(n)"™/2, J = J,; is defined in (96) if m = 1 and
in (97) it m =2, C > 0 and o > 0. We will only present the case m = 1.
The idea is, once again, to replace (X;,, Xi,, Xis, Xiy) by (Xiy, Xiy, Xig, Xiy )
usmg Lemma 14, so that (66) holds with J, J;, 4, Jis,i, replaced by J,
J,Mz, Jisi, and to expand J, ;,(X;,, X;,) and j,-:,ﬂm(Xm,X ) in Hermite
polynomials as in (67), with an expansion up to K, thus defining JE and

11,02

JK Then, (68) holds with J replaced by J. Denoting again the coefficients

13,1
of3t14le expansion by 0;11’252 and 0;27%4 respectively, one needs to majorize the
right-hand side of (69). Assuming that |i; — i2| is the smallest distance
between two different indices, namely |i; — i2| = min{|i; — i2|, [i1 — i3], [i1 —
ial, |ig — i3], |ia — 4], |i3 — 4]}, we obtain that the p;;’s are bounded by
4p(iy —i9) /(1 — p(iy —iz)?). Using that there exist positive constants C' and
e such that |p(k)| < C(1 A |k|7P+8) =: y(k), for all k > 1, we get, by (47),

that the p;;’s are bounded by
(100) Ay(in — in) /(1 = (i — i9)?) =: (ir — i) -

By Lemma 3.2 in Taqqu (1977), we obtain

EF[H ( ( )Hpa(X' )HP4(XZ'4)]

p1+tpo2+p3+pg

) Hp
SOY(in —ig)™ 2 |E[Hp, (X) Hpy (X) Hpy (X) Hp, (X)]| -
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Using (72), Eq[JX; (Xiy, Xip) I, (Xiy, X4,)] is bounded by

11,02

CZS )4

| 629117?2 P1tpo ’ p3+Pr4
AR (3Y(in —i2)) 2 Y AL (3(ih —d2)) 7
1<p1,p2<K Pl pat 1<p3,pa<K V3! pa!

Using the Cauchy-Schwarz inequality, the first sum is bounded by

Ex[ T3, ia (Xiy, Xiy) ]2 (Z(3’Y(il - 2'2))7’) ,

p>1

and similarly for the second sum. It follows from Lemma 14 that
Ep[JE, (Xi,, Xi,)JK, (Xi,, Xi,)] is bounded by

11,12 13,14

2
EFU[J(XH’X ) ]1/2EF22 [J(XZIB?X ) ]1/2 (Z(&?(Zl _2-2));0> :

p=1
Since Condition (26) holds and U, A, defined in (27) are Lipschitz functions,
EFU[J(XZNX ) ]1/2EF22[J(X237X ) ]1/2 <Clt—s|.

We deduce from the previous inequalities that

a12’L Z E[j(Xileh)J(XZa?X )]
1<y yig,ig,ig<n
[{i1,i2,i3,04 }|=4

2
<Cnlajlt—s| > (Z(?)’y(k‘))p) )

|k|<n \p=1

k#0
where 7 is defined in (100). Let n be a positive constant such that n > 3.
Then there is K > 1 such that (k) <1, for all k¥ > K. We may suppose
without loss of generality that K = 1, that is ny(k) < 1, for all £ > 1. We
then obtain that for large enough n,

(101)
2l B = 2 2 2 3 2 3\
arE[(Rn(t) — Rn(s))?] < CpPlt — sl ai n® | Y ~(k) (Z (;) ) .
\;;\;61 p>1

Observe that a2n® = nP~1L(n)~!. Recall also that J(k) is defined in (100)
and note that 3", 7(k)? may be finite or infinite. If 3, ¥(k)?> < oo then
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the result (81) follows with « = 1 — D which is positive since D < 1. If
>, 7(k)? = oo then Z‘k|<n7(k’)2 ~ 16n'=2P+2¢ and the result follows with
a = D — 2¢ if ¢ is chosen small enough to ensure that this quantity is
positive. O

PrROOF OF LEMMA 18. We want to apply Lemma 5.2, P. 4307 of
Borovkova, Burton and Dehling (2001) to {a,Ry(r),r € I}. To do so, we
first prove that for all s,t € I,§ > 0 such that s <t <s+d and s+ € I:

(102)
an| R (t) = R ()] < an| Ru(s+6)— Rn(s)|+2an|A(s+0)—A(s)|| D Xj
1<i#j<n
+2apn(n—1)|U(s+96) —U(s)|, if m=1land D <1,

where A is defined in (27) and

(103)  an|Rn(t) — Rn(s)| < an|Rn(s + 6) — Rn(s)| + 2an|A(s + ) — A(s)]
(> XiXl+| Y (X7 = D]+ 2aun(n - D|U(s +68) = U(s)|,

1<i#j<n 1<i#j<n
ifm=2and D <1/2.

Let us focus on the proof of (102), where m = 1 and D < 1, since the proof of
(103) can be obtained by using similar arguments. In view of the definition
(21) of R, and the fact that U, and U are non decreasing functions, we
obtain

Ry (t)=Ro(s) < Ro(s+6)—Ro(s)+ W (s+0) =W (t)+n(n—1)(U(s+6)~U(s)) -

Remark that the monotonicity of h in (27) implies that A is a non decreasing
function and that for p 4+ ¢ < 2,

(104) apq(8) — apq(r)] < |A(s) — A(r)|, for all 7,5 .
Since p+q < 2 and m = 1, we need to consider only p =1, ¢ =0 and p = 0,
g =1in (22), we thus get

(105) Wa(s+0) —Wy(t) <2(A(s +6) —A(s)) | Y. Xi|.
1<i#j<n
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In the same way, after switching s and ¢, we obtain

Rp(s) = Ro(t) < Ru(s+0) — Ryu(s) + 2(A(s +0) — A(s))] > X
1<i#j<n

+2n(n — 1)(U(s +68) — U(s))

which gives (102). In Lemma 5.2, P. 4307 of Borovkova, Burton and Dehling
(2001), the monotone Lipschitz-continuous function A is here 2U, the process
{Y,(t)} is {anfx(t)(&g#jgn X;)} if m = 1, and if m = 2, the process
{Ya(®)} is {an (1) (C1<ivzjen XiXj+ Ci<izjen(X7 = 1)} Using Lemma 16
and the fact that the function A defined in (27) is a Lipschitz function, the
processes {Y,,(t),t € I} defined above satisfy the condition (ii) of Lemma
5.2 in Borovkova, Burton and Dehling (2001) with r = 2. Using Lemma 17,
the condition (i) of Lemma 5.2 in Borovkova, Burton and Dehling (2001) is
also satisfied. This concludes the proof. O

6. Numerical experiments. In this section, we investigate the robust-
ness properties of the Hodges-Lehmann and Shamos scale estimators defined
in Section 4 using Monte Carlo experiments. We shall regard the observa-
tions Xy, t = 1,...,n, as a stationary series Y;, t = 1,...,n, corrupted by
additive outliers of magnitude w. Thus we set

(106) X, =Y, +wWi,

where W; are i.i.d. random variables. In Section 6.1, W; are Bernoulli(p/2)
random variables. In Section 6.2, W; are such that P (W, = —1) =P (W; = 1)
=p/2 and P (W; = 0) = 1 — p, hence E[W;] = 0 and E[W?] = Var(W;) = p.
Observe that, in this case, W is the product of Bernoulli(p) and Rademacher
independent random variables; the latter equals 1 or —1, both with prob-
ability 1/2. (Y;); is a stationary time series and it is assumed that Y; and
Wy are independent random variables. The empirical study is based on 5000
independent replications with n = 600, p = 10% and w = 10. We consider
the cases where (Y;) are Gaussian ARFIMA(1,d,0) processes, that is,

(107) Yi=(—¢B)"'(I-B)%,

where B denotes the backward operator, ¢ = 0.2 and d = 0.1, 0.35, corre-
sponding respectively to D = 0.8, 0.3, where D is defined in (A1) and (Z)
are i.i.d N(0,1).
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6.1. Hodges-Lehmann estimator. In this section, we illustrate the results
of Proposition 5. In Figure 1, the empirical density functions of O and X,
are displayed when X; has no outliers with d = 0.1 (left) and d = 0.35 (right).
In these cases both shapes are similar to the limit indicated in Proposition
5, that is, a Gaussian density with mean zero.

Ol o= L L L L L i .- NS
-0.25 -0.2 -0.15 -0.1 -0.05 0 005 01 015 02 025 —?.5 -1 -0.5 0 05 1 15 2

FIG 1. Empirical densities of the quantities Opr, ('*’) and X,, (*0’) for the ARFIMA(1,d,0)
model with d = 0.1 (left), d = 0.35 (right), n = 600 without outliers.

Figure 2 displays the same quantities as in Figure 1 when X; has outliers
with d = 0.1 (left) and d = 0.35 (right). As expected, the sample mean is
much more sensitive to the presence of outliers than the Hodges-Lehmann
estimator. Observe that when the long-range dependence is strong (large d),
the effect of outliers is less pronounced.

-0.2 0 0.2 0.4 0.6 0.8 1 12 14 1.6 -15 -1 -0.5 0 0.5 1 15 2 25 3

F1G 2. Empirical densities of the quantities Oz (**’) and X,, ('0’) for the ARFIMA(1, d, 0)
model with d = 0.1 (left), d = 0.35 (right), n = 600 with outliers (p = 10% and w = 10).
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6.2. Shamos scale estimator. In this section, we illustrate the results of
Proposition 8. In Figure 3, the empirical densities of 6p7, — 0o and 6, x — 0o
are displayed when d = 0.1 without outliers (left) and with outliers (right).
In the left part of this figure, we illustrate the results of the first part of
Proposition 8 since both shapes are similar to that of Gaussian density with
mean zero. On the right part of Figure 3, we can see that the classical
scale estimator is much more sensitive to the presence of outliers than the
Shamos-Bickel estimator.

0.16 T T T T T T 0.1

0.14F 4 0.14f
0.12F 1 0.12F
0.1f 4 0.1f
0.08F 4 0.08F
0.06F 4 0.06F
0.04¢ 4 0.04¢
0.02F 4 0.02F
L L L L 0

0 L L
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0 2 25 3

F1G 3. Empirical densities of the quantities (6pr — o) (’*’) and (6n,x — ) (70’) for the
ARFIMA(1,d,0) model with d = 0.1, n = 600 without outliers (left) and with outliers
p=10% and w = 10 (right).

0.16 . . . . 0.18
0.14 0.161
012 0.141
0.12f
0.1
0.1}
0.08
0.08f
0.06
0.06f
0.04 0.04k
0.02 0.02}
0 AL . . “Sra o 0 L L
-0.4 -03 -0.2 -0.1 0 0.1 -05 2 25 3

F1G 4. Empirical densities of the quantities (6sp — o) (’*’) and (6n,x — o) (70’) for the
ARFIMA(1,d,0) model with d = 0.35, n = 600 without outliers (left) and with outliers
p=10% and w = 10 (right).

Figure 4 (left) illustrates the second part of Proposition 8. d = 0.35 cor-
responds to D = 0.3 < 1/2. The right part of Figure 4 shows the robustness
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of the Shamos estimator with respect to the classical scale estimator in the
presence of outliers.
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