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T he Wasserstein test

The Wasserstein distance
Po(R) = {prob. measures on R with finite 2nd moment}

1/2

W(P1, P>) inf { E(X1 - X2)?|

1/2
_ (/01 (F7l) - ) dt) |

 L(X1) = P, L(X2) = Pz}



Distance to a location-scale family

F' a distribution function (d.f.) with mean 0 and variance 1.

HF={H:H(m)zF(ZUTT'u),,ueR,J>O}.

P € P>(R) with d.f. Fj, and standard deviation og:

W2(P,Hp) = inf{WQ(P,H):HEHF}

2
_ ag—</olF51(t)F—1(t)dt> |



Empirical version

1
o ]P)n — n ZZL:]_ 5Xi7
° S?l the empirical variance,

o F 1(t) =Xy, si % <t< % the empirical quantile function

o X(1) < - < X, the order statistics.

W2(Pp, H
R, — (5% F)
— Si%/; (Fl(t) - F_l(t))2 dt — Si% (/01 (F i) - F71(0)) dt)

2
1 (/01 (Fn_l(t) - F_l(t)) F_l(t)dt>
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The Wasserstein normality test (cf. del Barrio et al. (1999))

¢ the standard normal density, &1 the standard normal quantile
function, pn(t) = vre(®~1(1)) (Fn_l(t) - CD_l(t))

2 . 1 Pn(t) s
nS;Rn = /O (go(dD_l(t))) dt

1 on(t) 2 1 Pn(t)q)_l(t) g
_</o so<d>—1<t>>dt> _(o (P—1(1)) dt)

> w (1 B2(t) — EB(t)
SRR G0

1 B(t) 2 1 B(t)d~1(t) \°
_</o so<d>—1<t>>dt> _</o CRIO) dt) ’

where a, = fll/;bl/" ¢2Ié$—_1tgt))dt'

dt




Equivalence with a U-statistic

o up(t) = \/E(CD(Fn—l(t)) — t) the uniform quantile process,
Br(t) = Vi (Fu(®71(1) —t) = i (EX0; loxy)<t — t) the

n
uniform empirical process

e Kernel for the normality test:

_ 1 (ewmen —t) (o= — 1)
e = 2@ 1(0) ’

AG,y) = hey) —ay— 47—~ D - 1)

t,

Theorem 1. For a N(0,1) i.i.d. sample :

niZ; 2



Multiple integrals with respect to the empirical process

Definition (Cf. Major (2006, 2007).)

In.m(h) Z//h(:cl,...,xm) dG,(x1) - - dG,(xm), Where
e h(xq,...,om) real-valued symmetric function on x™,
e Xq,...,Xp v.a. i.i.d. sur (X,X) with distribution P,
o Gy, = +/n(P, — P) the normalized empirical process,

e [/ the integral out of the diagonal z, = x5, 1 <7r < s < m.



Link with U-statistics

Un(h) — <3;> Z h(Xila c e 7Xim)‘

For completely degenerate h :

n!

Jn.m(h) =

7aUn(h).

(n—m)n



CLT for U-statistics:

Rubin and Vitale (1980) : CLT for completely degenerate U-
statistics.

n!

Jn,m(h) — Un(h) — Im(h),

(n — m)Inm/2

with I,,(h) : the multiple integral of h with respect to the Brow-
nian motion.

For non completely degenerate U-statistics : CLT obtained via
the Hoeffding decomposition (cf. Arcones and Giné (1992) or
de la Pena and Giné (1999)).



CLT for multiple integrals with respect to the empirical
process

wjh the Hoeffding projection of h, defined as:

(6, — P) X -+ X (8, — P) x P"Jh  for j=1,...,m

h(z1,. .. 7) =
miles, ) {th for j = 0.

Results by Major (2006,2007)

o Jum(h) = Z}n:o Kn,j,mJn,j(ﬂ'jh) with Kn,j,m — Kj,ma n — oo,

e Consequence :

m
Jnm(h) = > K;mli(mh).

j=0



Integrals with respect to the Brownian bridge

For m = 2 and P the uniform distribution on (0,1) :

/
/[071]2h(aflazvz)dGn(arl)dGn(:vz) — /[0’1]2h(a:l,xz)dB(xl)dB(xz),

with {B(x)},c(0,1) @ Brownian bridge.

Expansion using B(x) = W(x) —2W (1)
with {W(z),x € (0,1)} a Brownian bridge:

/ h(x1,x2)dB(x1)dB(x2) = / h(x1,22)dW (x1)dW (z2)
[0,1]™ [0,1]>

—2/ (/ h(xl,t)dt> AW (z1)W (1)
[0,1]

+ (/ h(s,t)dsdt) W(1)?



Multiple integrals with respect to the Brownian bridge

We define:

pih(z1,. .., @) = 0z X -+ X Oz, X pP™mIp

Definition 1. For every symmetric function h € L2(P™),

Tu(hy = 3 (0" () 1(0m) (1))
j=0

Proposition 1. For symmetric h € L2(P™),

M ml
Jm(h) = E —j' Hy,—(0)1;(m;h),
j=0 /-

where H,,_; is the Hermite polynomial of degree m — j.



Theorem 2. (X1,...,Xy) i.i.d. sample with distribution P with-
out atoms and hq, ..., hy square-integrable functions inmq,...,mg
variables. Then:

(Jnmy(h1)y s Inmy (hi)) = (Jmy(R1), .-, Imy (Re)) -



Bootstrap of double integrals

(X7,...,X}) i.i.d. bootstrap sample, underlying distribution: Py.
New empirical measure: P7.

Bootstrap double integral:

Tio(h) = [ h(e,y)dG;@)dGH (),

with G} = /n(P; — P,) the bootstrap empirical process.

Theorem 3. h € Lo(P?), P without atoms. Then:

dr B (ﬁ* (J,’;,Q(h)> L (Jg(h))> — 0 a.s. when n — oo.



Limit under contiguous alternative

Gaussian shift experiment

(2, A, {P;,g € H}) with
e (H,{(,)) a Hilbert space,

e for all g, Py < Py, and (L(g))geH is defined as

dPp, gl
log 259 — 1,(g) = MIZ
gdPO (9 5
with L standard Gaussian process under Py, i.e.. centered

and

Vg1,92 € H, Cov(L(g1),L(g2)) = (91,92)-



Spectral decomposition
Hg = {0}, n: 2 — [0,1] a test with level «.

Taylor expansion, for g € H\{0}:
2
Etgn = o+ b(g)t + alg) 7 + o(t?),t — 0.

e Jhg € H gradient, such that:
b(g9) = (9, ho),Vg € H.

e 1K, : H — H a Hilbert-Schmidt self-adjoint operator, a sys-
tem of orthonormal eigenfunctions (h;) and eigenvalues ()\;)
such that:

—+oc0
a(g) = (g, Kng)Vg € H, and K, = Z Aih; & h;.
i=1



Local asymptotic efficiency

e One-sided test : n test with level a in the Gaussian shift
experiment. Alternative : K\ {0}, with K a cone.

2
(1) _ (9, ho)
AREL (7779) - <||g|90 ((D_]- (1 B a)>>

e Two-sided test: n unbiased test with level a for Hy = {0}
versus H \ {0}, i.e.:

Eon =a and E4gn > o for g € H \ {0}.
Then hg =0 and \; > 0 Vi > 1.

<g7KCYg> .
2||g)2e (P~ (1 — a/2)) D1 (1 - a/2)

AREf)(n,g) =



Contiguous alternative

(X1,...,Xpn) with joint distribution P, such that 3g € L§(P),

| ln( ) 1_ ( ) . ( )
O L1y...,Tn) = E glx; Pgc + en(x1,...,Tn),
d pn 1 n \/ﬁz ] 7 > n\<1 n

where ¢, — O under P,, n — oo.

LY(P) = {g € Lo(P), Pg = 0}.



Theorem 4. h ¢ L>(P™) and P, a P-contiguous distribution.
T hen:

Jmn(h)  under P,

Jnm(h) =
mm( )H{Jﬁz(h) under Py,

with J3,(h) the multiple integral with respect to the shifted Brow-
nian bridge

BY(z) = B(x) + [ x@@g(u)dP(u)



Example

e m = 2, P uniform on (0,1), h = Y51 \jhj ® h; € L§(P?),
g € LS(P).

e L(h) =Yi51) ((f hi()dW (s))° — 1)

o I3(h) =3 >1 A ((f hj(s)dW(s) + <hj’9>)2 - 1)



Test In the limit experiment

Limit Gaussian experiment (P the uniform distribution on (0,1)):

(e(o,11), B(c([0, 1)), {£L(WY) : g € L3(0,1)}).

Asymptotic test with level a based on the double stochastic
integral of the kernel:

Na(z) = 1ffh(8,t)daz(8)dx(t)>0a’
with Cq such that P ([ [h(s,t)dW (s)dW (t) > Cy) = a.



Curvature of double integrals

h(s,t) = Z;"zo‘i Aifi(s)f;(t), for an orthonormal basis {fj};kzoﬁ of
L9(0,1) = {1}+ and decreasing eigenvalues A\; > Ap > ....

e Gradient of ny: O.

e Curvature operator aq Of ngy:
aa(91,92) = (91, Kag2)

with

—+ o0
Ka(s,t) = Y Xjafi(s)fi(®),

j=1



Result by Dencker and Liese (2004):

e Several results of approximation of the power by the expan-
sion at order 2.

e When Y A% < oo, there exist di, do: diAj < Ajq < doXj Vi

Theorem 5. When ZAJQ- < oo, the eigenvalues of the curvature
are sorted in the same order as the eigenvalues {\;} of h, i.e.

)‘1,a>)‘2,a>""



T he Wasserstein test for normal mixtures

Theorem 6. P the standard normal distribution and P,, a con-
tiguous distribution.

w | Io(h) — % under P,
an — an — g/T 3
I5(h) —5  under Pp.

Asymptotic test

— g - _
Na(W?) = Lirg(ry>ea)s
with ¢, chosen such that:

P(IQ(E)>5a) = a.



Study of the kernel h

h; =+/3'H;, 7 > 0.
ho(z) = 1,hi(z) =12

L5 1 3
ho(r) = —(@x°—1),h3(x) = —(x~ — 3x).
2(z) \6( ) h3(z) \@( )
Proposition 2.
_ Tooq
h(z,y) = Y —hj(z)h;(y).
j=37
Theorem 7. K, the curvature operator of 7.
Kao(s, t) = Z)‘j,ahj(s)hj(t)7 where
j=3
_ B 2
Yo = E ((na(W) — ) (/ hde) )



Eigenvalues of the curvature
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Ratio by the Neyman-Pearson bound
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Ratio by the greatest eigenvalue

ratio

— - ratio, autovalor 2
— ratio, autovalor 3
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Normal mixture My, »: distribution function

Pppo(z) = (1 —p)P(x) + pP (w ; M) .

° J\/./'p,ﬂ/\/ﬁ’1 contiguous, with asymptotic direction:

g . T+ pUI.

° Mp/\/ﬁ%l contiguous, with asymptotic direction:

o(z — pn) — p(x)
D :

g% ()



Example of the skewness test
_ S \3
n 1 Z?:l (Xi — Xn)
3/2
(s3)”

with X, the empirical mean, S2 the empirical variance.

ln: ,

[ (23 —3x)dW(z)  under the null hypothesis (normality),
\/ﬁln —

[(z3—3x)dW9(x) under contiguous alternative Pj.

Asymptotic test with level « :

S P.g\ —
Mo (W g) — 1|f(:c3—3az)dWP79(x)|>Ca'

Null gradient, curvature ag . eigenfunction and eigenvalue

ha(z) = (23 — 32)/vV6, A5 =201 (1 _ %) ’ (cb—l (1 _ %)) |



Comparison of powers

e Monte Carlo method for the power of the Wasserstein good-
ness of fit test for N(0,1) and the Wasserstein normality
test

e Monte Carlo method for the skewness test

e EXxpansion at order 2 of the power owing to the curvature:

2

Eign = Eon + tb(g) + Ea(g) + o(t?)



Mixture Mp,,u/\/ﬁ,l’ uw=1, n=100.

0.25
—— potencia Wass normalidad
—— potencia Wass N(0,1)
—— potencia skewness
0.2 — — desarrollo potencia Wass N(0,1) f
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Mixture Mp/\/ﬁ%l, p=0.1.

0.24

0.22

0.2
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o o o o
= = = =
N £ » (o]

°
o
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To go further

e Multiple integral with respect to the empirical process: ex-
tension to non i.i.d. samples (for instance: dependance)

e Study of the multiple integral with respect to the Brownian
bridge

e Bounds for the approximation of the power by the expansion
of the curvature

e Tests designed for particular alternatives



