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Introduction and motivation

Multiple integrals w.r.t. the empirical process (Cf.
Major [4], [5].)

Jn,m(h) =
∫ ′

h(x1, . . . , xm) dGn(x1) · · · dGn(xm), (1)

where

• h(x1, ..., xm) a real valued, symmetric function on Xm,
• X1, . . . , Xn i.i.d. (X,X )-valued r.v. with distribution P ,
•

∫ ′ denotes the integral in which diagonals xr = xs, 1 ≤ r < s ≤ m

are omitted from the domain of integration,
• Gn =

√
n(Pn − P ) is the normalized empirical process.
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U-statistics

Un(h) =
1(
n
m

) ∑
1≤i1<···<im≤n

h(Xi1, . . . , Xim). (2)

For completely degenerate h and non atomic P :

Jn,m(h) =
n!

(n−m)!nm/2
Un(h).

Rubin and Vitale [7] : CLT for completely degenerate U-statistics.
For non degenerate statistics : CLT obtained via the Hoeffding
decomposition.
Problem : the limit can be complicate (cf. Arcones and Giné [1]
or de la Peña and Giné [3]).
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Existing CLT for multiple integrals

Result of Major ([4], [5]) :

Jn,m(h) =
m∑

j=0

Kn,j,mJn,j(πjh), (3)

with coefficients

Kn,j,m → Kj,m, n →∞
and πjh Hoeffding projection of h, defined as :

πjh(x1, . . . , xj) =

{
(δx1 − P )× · · · × (δxj

− P )× P m−jh for j = 1, . . . , m

P mh when j = 0.

Consequence : Jn,m(h) converges in distribution to
m∑

j=0

Kj,mIj(πjh),

where Ij denotes the multiple Wiener integral of order j (cf. [6]).
Problem : unknown coefficients Kj,m.
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Our method

Precise decomposition of type (3) for symmetric kernel h : cf. (5)
below. Sort of Hoeffding decomposition for multiple integrals.

Convergence of the coefficients to explicit values (related to Her-
mite polynomials) : cf. (6).

Expression of the limit as a stochastic multiple integral with
respect to the Brownian bridge.
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Multiple integrals with respect to the
Brownian bridge

Formal idea∫ ′

[0,1]m

h(x1, . . . , xm)dGn(x1) · · · dGn(xm) →
w

∫
[0,1]m

h(x1, . . . , xm)dB(x1) · · · dB(xm), (4)

with {B(x)}x∈(0,1) a Brownian bridge. Expansion of (4) using

B(x) = W (x)−xW (1) with {W (x), x ∈ (0,1)} a Brownian motion :∫
[0,1]m

h(x1, . . . , xm)dB(x1) · · · dB(xm) =

∫
[0,1]m

h(x1, . . . , xm)dW (x1) · · · dW (xm)

−m

∫
[0,1]m−1

ρm−1h(x1, . . . , xm−1)dW (x1) · · · dW (xm−1)W (1)

−
(m

2

)∫
[0,1]m−2

ρm−2h(x1, . . . , xm−2)dW (x1) · · · dW (xm−2)W (1)2

+ · · ·+ (−1)mρ0hW (1)m,

where ρjh(x1, . . . , xj) =

δx1 × · · · × δxj × Pm−jh for j = 1, . . . , m,
Pmh for j = 0 .
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Definition of the integral with respect to the Brow-
nian bridge
Definition 1. Given a symmetric function h ∈ L2(Pm), we define

Jm(h) =
m∑

j=0

(−1)m−j
( m

m− j

)
Ij(ρjh)(I1(1))m−j.

Remark : h is completely degenerate if ρjh = 0 for j < m. Then,
Jm(h) = Im(h).

Proposition 1. For symmetric h ∈ L2(Pm)

Jm(h) =
m∑

j=0

m!

j!
Hm−j(0)Ij(πjh),

where Hm−j is the Hermite polynomial of degree m− j (cf. [6]).
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CLT for multiple integrals

Theorem 1. Let (X1, . . . , Xn) be an i.i.d. sample with non atomic
distribution P and h1, . . . , hk square integrable kernels in m1, . . . , mk

variables. Then(
Jn,m1(h1), . . . , Jn,mk(hk)

) w→
(
Jm1(h1), . . . , Jmk(hk)

)
.

Proof : for the completely degenerate case, the same as for U-
statistics. For the non degenerate case : based on Theorem 2.
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Hoeffing decomposition for the multiple integral

Theorem 2. Let (X1, . . . , Xn) be an i.i.d. sample with non-atomic
distribution P and h a L2 symmetric kernel of m variables. We
have the following decomposition of Jn,m(h) as a sum of multiple
integrals based on degenerate kernels :

Jn,m(h) =
m∑

j=0

Kn,j,mJn,j(πjh) (5)

where the coefficients are for j ≤ m :

Kn,j,m = n−(m−j)/2
m−j∑
k=0

(−1)knk
(m

k

)( m− k

m− k − j

) (n− j)!

(n−m + k)!
.

Moreover, the coefficients satisfy the following convergence :

lim
n→∞Kn,j,m =

m!

j!
Hm−j(0), (6)

where for all k ≥ 0, Hk is the Hermite polynomial of order k.
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Sketch of the proof when m = 2

Let h̃(x, y) =

h(x, y), x 6= y

0 else.

Jn,2(h) =
1

n

∑
1≤i,j≤n

∫ ∫
h̃(x, y)d(δXi

− P )(x)d(δXj
− P )(y)

=
1

n

∑
i6=j

h(Xi, Xj)− 2
n∑

i=1

∫
h(Xi, x)dP (x) + n

∫ ∫
h(x, y)dP (x)dP (y)

=
1

n

∑
i6=j

(π2h(Xi, Xj) + π1h(Xi) + π1h(Xj) + π0h)− 2
n∑

i=1

(π1h(Xi) + π0h) + nπ0h

= Jn,2(π2h)−
2
√

n
Jn,1(π1h)− I0(π0h)

w→ I2(π2h)− I0(π0h) = J2(h).

Complete proof in Boistard and del Barrio [2].
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