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A robust estimator of the autocovariance

A robust estimator of the scale
X1,...,X, r.v.’s having a common c.d.f. F and p.d.f. f.
Robust scale estimator introduced in [Rousseeuw and Croux, 1993]:

Qe (X, Xa}) = c{IXi = Xjl T <} 5

where c is a fixed constant which depends on the shape of the distribution
F and k ~ (5)/4.

Good robustness properties of QF°({Xi,...,Xn}) (see [Rousseeuw and
Croux, 1993)):

o the highest possible breakdown point (50%)
@ bounded influence function

@ simple and explicit formula, easily and efficiently implementable
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Tools: U-statistics and Delta-method
In terms of a U-statistic:

Qr({ X1, ..., Xn}) = cU, (1/4),
where U1 is the generalized inverse of

1
roUnn) = ey D Mixexisn

1<iZi<n
1
~ n(n—1) Z L)<

1<i#j<n

where G(x,y) = |x — y|.
Strategy: limit theorems for U, then functional Delta-method.
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Polarization identity: for any r.v.'s X and Y and nonzero a and b,
1
Cov(X,Y) = Yoy {Var(aX 4+ bY) — Var(aX — bY)} .
a
Robust autocovariance estimator (see [Ma and Genton, 2000])

Bolh) = (QRHX1 + Xiph- - Xoon + X))
— (QECh({X1 = Xushy - s Xoh — Xn}))°

in order to estimate
4’)/(h) = 4COV(X1, X1+h)-
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Other examples of estimators
Hodges-Lehman location estimator : Y; =0+ X;, i =1,...,n, where
X; is a centered stationary process and 6 is a location parameter.

A

O = median{yigyj,l <i<j< n}
= e+median{x’;xf,1 <i<j< n} =0+ Ut <;)
with G(x,y) = %
Shamos-Bickel scale estimator : Y; = 0 X;.
Gsg = b median{|Y; — Y|} = bo median{|X; — Xj|}.

Similar expression with G(x,y) = |x — y|.

Hélene Boistard (Université Toulouse 1) Asymptotics for robust estimators CLAPEM 2012 5/17



Limit distribution under long-range dependence

1
Unlr) = o=y 2 Loxxisn

1<i#j<n

for r € I where (Xj)i>1 is a stationary mean-zero Gaussian process with
covariances p(k) = E(X1Xk41) satisfying:

p(0) =1 and p(k) = k PL(k), 0< D <1,

where L is slowly varying at infinity and is positive for large k.
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Limit distribution under long-range dependence with D > 1/2
Hoeffding decomposition of the U-statistic U,(r) for r € I: define

By, 1) = Loy jery, (o r) = / hx,y. r)ely)dy

U(r) = / / h(x, y, r)e(x)e(y)dxdy,

then
Un(r) = U(r) + Wy(r) + Rn(r)
where
@ Wy(r)= 23" {m(Xi,r) — U(r)} is the leading term (dealt with using [Arcones,
1994]),

© Ri(r) = ramgy Lncivjen {h(X0 X5 1) = hi(Xi, r) — (X, r) + U(r)}
is a negligible term satisfying: sup,c; v/nRn(r) = op(1).
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Theorem
(i) Scale estimator. Denote by o(F) the standard deviation of F.

Vi(QF€ — o (F)) L5 N(0,5?)

where 52 = E[IF(X1, F)?] + 2,5 E[IF(X1, F)IF(Xk41, F)] and

IF - (x, F) o ¢ (1/4— F(x+o(F)/c)+ F(x — a(F)/c)> '

Jf()f(y + a(F)/c)dy
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(ii) Covariance estimator. Let h be a non negative integer and denote
by Fi the common c.d.f of (X; + Xj1p)i>1, by F— the common c.d.f of
(Xi — Xitn)i>1 and by o(F;.), o(F-) the respective standard deviations.
Let v(h) = E[X1 X144],

viy) =5 {U(F+)1F(X +y Fi) —o(F)IF(x —y, F)}

and
% = E[(Xt, X14n)?] + 23 o1 E[W(X, Xian)(Xkr1, Xer148)] , then,

Vn (3g(h) —~(h)) ~% N(0,52) . (1)
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Limit distribution under long-range dependence with D < 1/2
Decomposition based on the expansion of h on the basis of Hermite
polynomials (here, the Hermite rank of his m = 2):

oy = U0 = 3 228D b0t ()

p+g>m

Decomposition of Up,:

n(n — 1) (Ua(r) = U(r)) = Wa(r) + Rn(r), where

o W,(r)= ZK,#K"Z 2o QZ";(,') Hp(Xi)Hq(X;) is the leading term (argument
based on the |dent|f|cat|on of cumulants),

@ R,(r)= Do i<isi<n 2o pa>0 22.a(0) by (X;)Hg(X;) is a negligible term satisfying
- - pt+q>m

plq!
sup,¢; n™P/2=21(n)=m/2R,(r) = op(1), n — .
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Theorem
(i) Scale estimator.

" @ —o(F) - T (1) - )

D
where (D) = B((1 — D)/2, D + 2), B denoting the Beta function and the
processes Zi(.) and Zx(.) being respectively a fractional Brownian motion
and a Rosenblatt process.
(ii) Covariance estimator. Under some regularity conditions on L,

NnD R o(F.)?
L(n) 4

(Z(1) = Z1(1)%)

where L(n) = 2L(n) + L(n+ h)(1 +h/n)~P + L(n— h)(1 — h/n)~P.
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Efficiency of the scale estimator

e For D > 1/2, the efficiency of ch with respect to the classical scale
estimator (standard deviation) is greater than 86.31%.

e For D < 1/2, the efficiency is 1: there is no loss of efficiency.
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Some numerical results

Monte Carlo studies
@ Generate a process Y;,i = 1...n with distribution ARFIMA (0, d, 0)
(with D =1 — 2d)
o Generate i.i.d. Wj,i=1...nwith P(W;=-1)=P(W;=1) =p/2,
P(W;=0)=1— p for
some contamination proportion p
o Define X; = Y; + wW,; for some contamination magnitude w

o Compute QR and the classical estimator denoted by sd for
original/contaminated data

@ Here, d = 0.2, n =500, p = 10% and w = 10.
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Figure: Empirical densities of \/n(QR° — o(F)) and +/n(sd — o(F)), without outliers
(left) and with outliers (right)
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Figure: Sample correlations without outliers (left) and with outliers (right). (a) is the
population correlation, (b) the robust sample correlation, (c) the classical sample
correlation.
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Real data: the Nile data plot
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Figure: Left: the Nile Data plot. Right: sample autocorrelation functions of the Nile

River data.

Remark: possible loss of memory due to the presence of outliers.
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