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Abstract

Item nonresponse in surveys occurs when some, but not all, variables
are missing. Unadjusted estimators tend to exhibit some bias, called the
nonresponse bias, if the respondents differ from the nonrespondents with
respect to the study variables. In this paper, we focus on item nonre-
sponse, which is usually treated by some form of single imputation. We
examine the properties of doubly robust imputation procedures, which
are those that lead to an estimator that remains consistent if either the
outcome variable or the nonresponse mechanism are adequately modeled.
We establish the double robustness property of the imputed estimator of
the finite population distribution function under random hot-deck impu-
tation within classes. We also discuss the links between our approach and
that of Chambers and Dunstan (1986). The results of a simulation study

support our findings.
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1 Introduction

No matter how carefully survey staff try to maximize response, it is virtually
certain that some degree of nonresponse will occur in large scale surveys. Survey
statisticians distinguish unit nonresponse from item nonresponse. Unit nonre-
sponse occurs because some of the sampled units refuse to respond or because
of the inability to contact them. When some, but not all, variables are missing,
we are in presence of item nonresponse. The latter occurs, for example, because
some sample units refuse to respond to sensitive items, do not know the answer
to some items, or because of edit failures. Unadjusted estimators tend to ex-
hibit some bias, called the nonresponse bias, if the respondents differ from the
nonrespondents with respect to the study variables. To reduce the nonresponse
bias, weight adjustment procedures are used in the context of unit nonresponse,
whereas item nonresponse is usually treated through single imputation, whereby

a missing value is replaced by a single value.

In this paper, we restrict our attention to weighted random hot-deck impu-
tation, which consists of selecting a respondent (donor) at random from the
set of respondents with probability proportional to some weight (to be defined
later), and then using donor’s item value to "fill in” for the missing value of
a nonrespondent (recipient). Random hot-deck imputation is widely used in
practice, especially in social and household surveys, because it tends to preserve
the distribution of the variable being imputed, which is desirable when estimat-
ing non-smooth functions such as quantiles. Also, it leads to actual (observed)
imputed values, which is especially important when the variable to be imputed
is categorical. Finally, with random hot-deck imputation, several missing vari-
ables may be imputed using a single donor, while satisfying post-imputation
edit constraints specified by subject-matter specialists. This helps in preserving

the relationship between variables of interest.

In order to study the properties of estimators in the presence of missing data,



two approaches are customarily used: (i) the nonresponse model (NM) approach
that requires the specification of a nonresponse model describing the unknown
nonresponse mechanism and (ii) the imputation model (IM) (also called the
outcome regression model) approach that requires the specification of a model
describing the distribution of the study variable. We consider doubly robust
imputation/estimation procedures that have attracted some attention in recent
years. An estimator is said to be doubly robust if it remains asymptotically
unbiased and consistent if either model is true. Thus, doubly robust procedures
offer some protection against misspecification of one model or the other. For
infinite populations, the reader is referred to Robins et al. (1994), Scharfstein
et al. (1999), Bang and Robins (2005), Tan (2006), Kang and Schafer (2008),
Rubin and van der Laan (2008) and Cao et al. (2009), among others. In the
context of finite population sampling, doubly robust procedures have been stud-
ied in Kott (1994), Kim and Park (2006), Haziza and Rao (2006), Chauvet and
Haziza (2012), Kim and Haziza (2014) and Haziza et al. (2014), among oth-
ers. So far, the literature on doubly robust inference has focussed on estimating
simple parameters such as means and totals. Surprisingly, little attention has
been paid to the problem of distribution functions in the presence of missing
data. Notable exceptions include Cheng and Chu (1996), Liu et al. (2011) and
Zhao et al. (2013). In the last two papers, the authors consider augmented
inverse probability weighted imputation procedure to estimate the distribution
function of a response variable. In this paper, we adopt a different approach
that consist of using a doubly robust version of the customary weighted random
hot-deck imputation procedure (see Haziza and Rao, 2006) to "fill in” for the
missing values. Our objective is to produce a complete rectangular data file,
which allows the secondary analysts to obtain point estimates using complete

data estimation procedures.

The paper is organized as follows. After defining some notation, the underlying
models and the random imputation procedure are described in Section 2. The

main results are established in Section 3 under the following assumptions: (i)



the sampling design is non-informative (Pfeffermann, 1993); (ii) the data are
MAR (Rubin, 1976) and (iii) the units respond independently of one another.
The assumption (iii) can be relaxed to consider the case of a correlated response
behaviour, see the discussion in Section 7. Since this assumption is fairly usual
in the literature and so as to simplify the presentation, we keep the assump-
tion of independent response behaviour in the body of the paper. In Section
4, we discuss the link between the proposed method and an estimation proce-
dure proposed by Chambers and Dunstan (1986) in the context of model-based
estimation of finite population distribution functions. A simulation study is con-
ducted in Section 5. In Section 6, we illustrate the proposed methodology using
data modeled from one industry in the Monthly Retail Trade Survey conducted

by the U.S. Census Bureau. We make some final remarks in Section 7.

2 Theoretical set-up

Consider a finite population U of size N. We are interested in estimating the
finite population distribution function, F ,(¢t) = N=' 3, 1(y; < t), defined
for t € R, where y denotes a study variable and 1(.) the usual indicator function.
A sample s of size n is selected according to a given sampling design p(-). Let
d; = 1/7; be the sampling weight attached to unit ¢, with 7; denoting its first-
order inclusion probability in the sample. The inclusion probabilities m; are

assumed to be known for all ¢ € U. A complete data estimator of Fy ,(t) is

Fyy(t) = Zczil(yi <), (1)

1€ES

1
d;. When some y-values are missing, an estimator of

where d; = (Z]ES dj)
Fn 4(t) is the imputed estimator

Fry(t) = del(yi <t)+ Zdi(l —ri)l(y; <), (2)

1€ES 1€Es



where y; denotes the imputed value used to replace the missing y; and r; is
a response indicator attached to unit ¢ such that r; = 1 if y; is observed and

r; = 0 if y; is missing.

Assume that the finite population U is divided into G mutually disjoint impu-
tation cells, Uy,...,Ug. Let n, be the size of s, = s(\Uy, g = 1,...,G and
srq be the set of respondents in cell g, of size n,4. The elements in cell U, are
assumed to be a realization of independently and identically distributed random

variables with mean p, and variance 03; that is,
m 2y~ (/J/gao-g)7 i€ UQ' (3)

The imputation cells are formed on the basis of auxiliary information, x, recorded
for both respondents and nonrespondents. Model (3) is the common mean model
within imputation cells. It is often called the imputation model (IM) or the out-

come regression model.

Let p; = P(r; = 1) be the response probability to item y for unit 7. We assume
that units respond independently of one another; that is, p;; = P(r; = 1,7; =
1) = pip;, ¢ # j. Further, we assume that the p;’s can be modeled trough a
parametric model

pi = p(Xi, @) (4)

for some vector of unknown parameters a. Model (4) is called the nonre-
sponse model (NM). The estimated response probability p; attached to unit

iis p; = p (x4, &), where & is a consistent estimator of a.
We assume that the data are Missing At Random (Rubon, 1976):

En(yi | xiyri = 1) = En(yi | xi,mi = 0), (5)

where E,,(.) denotes the expectation with respect to the imputation model (3).



In order to study the theoretical properties of point estimators we consider two
inferential approaches: the NM approach, whereby, inference is made with re-
spect to the joint distribution induced by the sampling design and the assumed
nonresponse model given by (4); the IM approach, whereby inference is made
with respect to the joint distribution induced by the imputation model (3), the
sampling design and the nonresponse model. In the latter approach, explicit
assumptions about the non-response mechanism are not required but the data

are assumed to be MAR.

Based on (3), it may be tempting to estimate Fi ,(t) by

G
FA‘I’y(t) :Z Zc@r,l(yz St)-f— Zdi(l —’I“i)l(grg St) R (6)

g=1 | i€sy 1€8g

for t € R, where g,y = (Ziesg diri) o Ziesg d;r;y; denotes the weighted mean
of respondents in cell g. This corresponds to mean imputation within cells. How-
ever, the estimator (6) is generally biased as mean imputation tends to distort
the distribution of the variable being imputed. Indeed, the variability of the
study variable y after imputation within each imputation cell is smaller than
the natural variability that would have been observed in the complete data case.
The relative distortion within each imputation cell increases as the expected re-

sponse rate within cells decreases.

We consider an alternative approach, whereby a missing value is treated through
random hot-deck imputation within classes. More specifically, missing y; in cell

U, is replaced with

y;‘k =Yj for j € Srgs (7)

with probability

d; =B

« - J ;[)j
Ty, =Y;) =0j = ———————. 8
p (yz y]) J Zlesg rldl 1;lpl ( )




The use of the imputed values (7) leads to a doubly robust estimator of a pop-
ulation total (or mean). That is, the resulting estimator remains consistent if
either the imputation model (3) or the nonresponse model (4) is correctly spec-
ified; see Haziza and Rao (2006). In the next section, we establish the uniform
consistency property of F 7(t) with respect to both the NM approach and the IM
approach. We adopt the following notation: let E,(-), E4(-) and E;(-) denote
the expectation with respect to the sampling design, the nonresponse model and

the imputation mechanism, respectively.

3 Main results

We study the asymptotic properties of the estimated distribution function under
the random imputation procedure described in Section 2. We assume that there
exists a sequence of sampling designs and finite populations, indexed by v, such
that the population size IV, the sample size n, and the number of respondents
n., tend to infinity when v — co. Though we suppress the index v to simplify

the notation, the limits are understood as when v — occ.

Under mild regularity conditions, Theorem 1 in Chauvet et al. (2011) implies
that, for any t € R, Fy,(t) — Fx,(t) converges in probability to 0 under the
IM approach. It is thus sufficient to prove consistency under the NM approach.

We make the following regularity assumptions:
Cla: Forany i #j € U, my; —m; 75 <05
Clb: max;zjey |mi; — m 7| = O(n™1);
C2: There exists some constant 0 < f < 1 such that n/N — f;

C3: There exists some constants Cq,Cy > 0 such that for any i € U:

N N
C1— <d; < Cy—;
n n



C4: There exists some constant 0 < £ < 1 such that k < p; for any i € s;

)2 = 0(nY).

N N

T —
Dhesy 5 M TR 2resy dr(1—Pk)

C5: By (25_1

: , @i —@; _ @;—w;
C6: For any cell Uy, Ep, (maxjesrg o, ) — Oand Ep, (maxjesm =, ) —
0, where
o 1-pj

- J i
0 = —— P

D SR

lESTg l DL

is obtained from @; by replacing the estimated p; with the true probability

pj-

Assumptions Cla, Clb, C2 and C3 are standard regularity conditions, see for
example Breidt and Opsomer (2000). In particular, Assumption C3 guarantees

that no extreme weight dominates the others.

Theorem 1 Suppose that assumption Cla or C1b holds. Suppose that assump-
tions C2-C6 hold. Then

E|Fr,(t) — Fx, ()] — 0. (9)

V—r 00

In particular, Fy,(t) — Fy,,(t) converges in probability to 0 for any t € R, and
the imputed values (7) lead to a consistent imputed pointwise estimator of the

distribution function with respect to the NM approach.

The point-wise consistency of the imputed distribution function may be strength-

ened to uniform consistency, making use of the following additional assumption:

C8: For all € > 0, there exists vy, M € Nand t; < ... < tp; such that VN > v,

0 S FN,y(ti_) - FN,y(tifl) S €. (10)



Theorem 2 Assume that the conditions in Theorem 1 hold. Assume that con-

dition C8 holds. Then,

sup |Fr ., (t) — Fy () %0 as N - .
teR

4 Link with Chambers and Dunstan (1986)

In the context of model-based inference, Chambers and Dunstan (1986) pro-
posed an estimator of the distribution function, where the values of the non-
sampled units are predicted through a linear regression model; see also Valliant
et al. (2000). In this section, we derive in the somehow different context of
missing data, a Dunstan-Chambers type estimator and establish the link with
our approach. First, the complete data estimator F N,y(t) in (1) can be written

as

G
Fny(t)=> Y diril(yi <t)+ > di(1—ri)1(y; <t) . (11)
g=1 | i€sy i€sy
While the first term on the right hand-side of (11) can be computed from the
responding units, the second term needs to be estimated. The expectation of

the latter with respect to model (3) is

a G
DDA P i<t = 33 A= )P (g~ g <t o)
g=1li€sy, g=li€sy
— ZZJi(l—rl)P(€@<t—lig)
g=li€Esy

where G4(z) = P(e; < x) denotes the distribution function of the errors ¢; =
Y; — fg in cell g. Following Chambers and Dunstan (1986), a natural estimator

of (12) consists of replacing G4 by an estimator based on the residuals observed



on the responding units, given by

ég(x) = Z d}iril(éj S .T),

Jj€sy
where é; = y; — gy, With g, = (Ziesq dirid}i>7 Ziesq d;r;@;y;. This leads to
the following Dunstan-Chambers type estimator of Fy ,(t):

F[’y(t) = Z (LT‘Z].(yl < t) + Z (L(l — Ti) Z (:)Z‘Til(éj <t-— g:g)

1€5y €5y JjE€sg

1Ma 10e

1€5y €5y JjE€sg

Now, the expectation of (2) under the imputation procedure (7) with respect to

the imputation mechanism is given by

G
E{Fry,®)} = Y > dmil(yi <t)+ Y di(l—r) > @iril(y; <t)
g=1 | i€sy 1€sg JEsg
= Flvy(t)v

which is identical to (13). That is, the Dunstan-Chambers type estimator can
be viewed as the integrated imputed estimator with respect to the imputation
mechanism. It is worth noting that the Dunstan-Chambers type estimator is
also doubly robust for the distribution function. That is,

E|Fr,(t) = Fx,@t)| — 0 (14)

V—r00

under the conditions of Theorem 1, for both the IM approach and the NM

approach. The proof is briefly sketched in Appendix.
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5 Simulation study

We performed a limited simulation study to evaluate the proposed method,
in terms of relative bias and relative efficiency. We first generated a finite
population of size N = 10,000, with one variable of interest y and two auxiliary
variables 7 and z3. The auxiliary variables were generated according to a
Gamma distribution with shape and scale parameters 5 and 2, respectively.
Given the xp-values and the xs-values, the y-values were generated according

to the model

yi = Bo + B1 x1i + B2 z2i + Mi- (15)

The parameters Sy, 51 and (2 were set to 10, 1 and 1, respectively. The 7
were generated according to a Normal distribution with mean 0 and variance
o2, whose value was set so as to obtain a coefficient of determination (R?) ap-
proximately equal to 0.7. Results obtained with a coefficient of determination

approximately equal to 0.2 or 0.3 were similar, and are thus not presented.

We were interested in estimating the distribution function Fi ,(t) for t = t,,
with t, the a-th quantile. We considered a = 0.05,0.25,0.50,0.75 and 0.95 in

the simulation.

From the population, we selected 1,000 samples of size n = 500 by simple ran-
dom sampling without replacement. In each sample, nonresponse was generated

according to the nonresponse mechanism

exp(—1+1.6 x1; + 1.6 x9;)
Pr(r; = a1y, w2) = . 16
rlri = i, v2:) 1+ exp (=1 + 1.6 21; + 1.6 22, (16)

The coefficients in (16) were chosen to lead to an average response rate approx-
imately equal to 0.6. Results obtained with average response rates of 0.4 and

0.5 led to similar results and are thus not presented.
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To replace the missing values, we used random hot-deck imputation within
classes based on different working models. In each case, we first formed 10 im-
putation classes using the so-called score method (Haziza and Beaumont, 2007).
First, predicted values g; were obtained for both respondents and nonrespon-
dents using a linear regression model based on an x-vector of auxiliary variables.
That is, g; = xiTB,», i=1,---,n, where B, denotes the weighted least square
estimator based on the responding units. Then, imputation classes, based on
the g-values, were formed using the equal quantile method. That is, the g-values
were ordered from the smallest value to the largest value and the sample was
partitioned into 10 equal size imputation classes. Within each class, the missing

values were imputed according to (7).

We considered four distinct scenarios:

Scenario 1: Both the imputation and the nonresponse model were correctly
specified. The predicted values ¢; were obtained using x = (1, z1, acg)T as
the vector of auxiliary variables, whereas the p;’s in (7) where obtained
through a logistic regression model using x = (1, 21,22) " as the vector of

auxiliary variables.

Scenario 2: Only the nonresponse model was correctly specified. The pre-
dicted values ; were obtained using x = (1,z1)" as the vector of aux-
iliary variables, whereas the p;’s in (7) where obtained trough a logistic

regression model using x = (1,71, z2) " as the vector of auxiliary variables.

Scenario 3: Only the imputation model was correctly specified. The predicted

values §; were obtained using x = (1,21,72)" as the vector of auxiliary
variables. We used two misspecified nonresponse models, which led to
Scenario 3a and Scenario 3b. In Scenario 3a, we set w; = 1 for all i in
(7), which led to unweighted random hot-deck imputation within classes.
Note that this corresponds to a nonresponse model containing only the
intercept, leading to the overall response rate as the estimated response

probability for all i. In Scenario 3b, the p;’s in (7) were obtained through

12



a logistic regression model using x = (1,z;)" as the vector of auxiliary

variables.

Scenario 4: Both the nonresponse model and the imputation model were mis-

specified. The predicted values §; were obtained using x = (1,z1)" as
the vector of auxiliary variables. We used two misspecified nonresponse
models, which led to Scenario 4a and Scenario 4b. In Scenario 4a, we set
w; = 1 for all ¢ in (7) as in Scenario 3a. In Scenario 4b, the p;’s in (7)
where obtained through a logistic regression model using x = (1,z;)" as

in Scenario 3b.

Then, in each sample, we computed the imputed estimator of Fi ,(t), denoted
by Fy.,(t), given by (2). To measure the bias of F7,(t), we used the percent

Monte Carlo relative bias

RB{F7,(t)} = EMC{Flﬁyit)it; Pt o0, o

where Epio{Fr (1)} = S0 }A?'I(ZJ) (t)/1000, with FI(TJ (t) denoting the estimator
Flyy(t) for the r-th sample, » = 1, ... ,1000. To measure the variability of

F 7.4(t), we used the percent Monte Carlo relative root mean square error

MSE{F7,(t)}

RRMSE{F}, (1)} = *—~ (@)

x 100,

where
1000

MSE(Fy (6} = 005 D E)(0) — Fy (0
r=1

The results are shown in Table 1. The imputed estimator F. T4(t) showed a
small bias in Scenarios 1-3 for all values of a. We note a slight bias in Scenarios
2a and 2b for o = 0.05 with values of absolute RB equal to 2.0% and 1.7%,
respectively. These results suggest that the imputation procedure (7) lead to a
doubly robust estimator of the distribution function. As expected, when both

models were misspecified (Scenario 4a et 4b), the imputed estimator E7,(t)

13



«
0.05 0.25 0.50 0.75 0.95
Scenario 1 RB —0.2 0.1 0.3 0.1 0.0
RRMSE | 32.4 10.8 5.6 2.9 1.1
Scenario 2 RB —-0.7 —-0.1 —-0.0 0.0 0.0
RRMSE | 33.3 10.7 5.7 2.9 1.1
Scenario 3a | RB -2.0 -06 -0.1 -0.0 -0.1
RRMSE | 31.1 10.8 5.5 2.9 1.1
Scenario 3b | RB —-1.7 —0.1 0.0 0.0 —0.0
RRMSE | 32.2 10.7 5.5 2.9 1.1
Scenario 4a | RB —-19.2 —-13.7 -93 =50 -1.2
RRMSE 34.0 17.1 11.1 6.1 1.8
Scenario 4b | RB -193 -—-135 —-90 —-49 -1.0
RRMSE | 33.4 17.0 10.8 6.0 1.7

Table 1: Monte Carlo percent relative bias and percent relative root mean square
error of the imputed estimator of the distribution function for several values of
e

exhibited a significant bias for all the scenarios, except for a« = 0.95. Turning
to the efficiency of F‘I’y (t), we note that for a given value of «, the first three

scenarios led to similar values of RRMSE.

6 Application to the Monthly Retail Trade Sur-
vey

For the purpose of illustration of the proposed methodology, we used data mod-
eled from one industry in the Monthly Retail Trade Survey (MRTS) conducted
by the U.S. Census Bureau (Mulry et al., 2014). For confidentiality reasons,
the real data could not be used but the simulated data are realistic and de-
signed to match closely the original survey data in the first moments and in
the correlation structure. As variables of interest, we considered the sales (y1)
and the inventories (y2). Both y; and yo were either observed jointly or missing
jointly. As a size measure, we used the variable receipts (x) that was available

on the sampling frame. The stratum identifiers and the sampling weights d;
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were available on the data file.

The data set came from a stratified simple random sampling design with six
strata Uy, including one take-all stratum. For simplicity, we focussed on the
five take-some strata. The take-all stratum contained very large units that may
require a particular nonresponse treatment, which is why it was not considered
further. Table 2 shows the number of sampled units n; and the number of

respondents n,., in each stratum. The estimated response probability inside the

n

stratum Uy, is pp, = ol
’ Stratum h 1 2 3 4 5
Number of units Ny, 9,493 6,244 3,259 1,397 463
Sample size np, 145 123 72 57 61
Number of respondents n,.j, 73 75 55 44 54

Table 2: Total number of units, number of sampled units and number of re-
spondents inside strata

6.1 Imputation for sales

For the sales, we performed random hot-deck imputation within imputation cells
that were defined as follows: each stratum was divided into 2 or 3 imputation
cells based of the z-variable. That is, in each stratum, we ordered the units
with respect to their x-values and imputation cells were formed so that each
imputation cell had approximately the same number of sampled units. We note
G}L the number of imputation cells Uy, within the stratum Up,. We used Gl =
G = 3 cells for the strata h = 1 and h = 2, and we used G} = G} = G} =2
cells for the three remaining strata. In this case, the imputed estimator of the

distribution function in (2) may be rewritten as

H
IUEES SEL BF 1 DR TELINED S (R (0 P=2) D SEE)

h=1 g=1 | i€sny 1€Shg
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with spg = s N Upg, of size nyy. Within each imputation cell, random hot-deck

imputation based on the imputation weights

) d; 1

wW; = =
J
Dies, i Tirng

for j € spng (19)

was used, where s,44 = s, N Uy denotes the subset of respondents in Uyg, of
size nypg. The imputation weights in (?7) are a special case of the imputation
weights in (8). This is essentially equivalent to assuming equal response prob-
abilities within imputation cells. Point estimates for different values of ¢ are

shown in Table 3.

In addition, we estimated the variance of F7 ., (t) under the NM approach.
For simplicity, we neglected the sampling rates within strata. Our variance
estimator uses the fact that conditionally on n;, and n,,s, we can treat the
set of respondents in each imputation cell as a simple random sample without
replacement. In this case, an approximately unbiased estimator of the total

variance of F,, () is

) 1L N2 () )
vi{Fry, (1)} = Ngz<n) ZﬁFrhg7yl(t>{1_Frhg,yl(t)}
h—1 h g—1 rhg
H 2 G,l1
1 Ny, , R
w2 () 2o g 1 = Fragn (9}, (20)
h=1 g=1

where

A 1
Frhgan(t) = Z Ly <),

n
rhg iES'r}Lg

and where 1,4 denotes the size of the set of non-respondents s, in Upy. The
first term on the right-hand side of (20) is an estimator of the variance due to
both the sampling design and the non-response mechanism, while the second

term is an estimator of the imputation variance due to the random selection

16



of donors within each imputation cell. We also considered a with-replacement

bootstrap variance estimator, which is obtained as follows:

1. Draw a simple random sample with replacement sz, - of size n,pg from

Srhg, and a simple random sample with replacement s} , = of size n,ng

g
from s;,ng for any cell Uyg.

2. For any i € s* the value y; is replaced with y;* = y; for j € srhg with

mhg’

probability w;. We compute

Fr o ( ZZZZ Z Ly <t)+ Z (1= r)l(ys < 1)

h=1 g=1 iGthg iGs;hg
3. Repeat Steps 1 and 2 a large number of times, B, to get F (1)( t),..., AI*(B) (t).

The variance of F,, (t) is estimated by

B B 2
~ * b %
Vsoot { Fry: (1)} Z( () ZF,‘;B ) (21)

The estimated coefficients of variation obtained from (20) and (21) with B =
1,000, are given in Table 3. We note that both variance estimation procedures

led to very similar results.

[¢ (x1,000) [300 700 1,000 2,000 5,000 8,000 10,000
Fr,, () 0.20 0.33 044 063 091 097  0.99
cor{Fr,,, ()} (%) | 741 251 1.72 146 026 026  0.09
oot {Fry ()} (%) | 7.29 258 1.72 144 026 026  0.09

Table 3: Imputed distribution function and estimated coefficients of variation
for the variable y;

6.2 Imputation for inventories

For the inventories, the imputation cells were formed as follows: all the sampled

units were ordered according to their z-values. Then, we divided the ordered
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sample in G2 = 10 imputation cells of approximately equal size. Unlike for the
sales, note that the cells cut across the sampling strata. In this context, the

imputed estimator of the distribution function in (2) may be rewritten as

N

H
Fry, (1) *%Zznh Zril(ymﬁt)Jr Z(lf””i)l(ygiﬁt) - (22)

g=1h=1 """ |i€sn, i€sng

Once again, we used random hot-deck imputation within each cell, whereby the
imputation weights were given by (8). Note that these imputation weights were
not constant inside the imputation cells (unlike for the sales) since the cells cut
across strata. Point estimates for several values of ¢ and estimated coefficients
of variation based on the bootstrap estimator (21) with B = 1,000 are shown

in Table 4.

[¢ (x1,000) [ 400 800 1,300 3,700 5,500 8,500 ]

Fr o (t) 013 022 028 059 075 085
Oboot{F1o ()} (%) | 1052 740 626 330 217  1.33

Table 4: Imputed distribution function and estimated coefficients of variation
for the variable yo

7 Discussion

We established the double robustness property of the imputed estimator of the
distribution function under random hot-deck within classes. Our results were
based on the assumption that units respond independently of one another. In
practice, a correlated response behaviour may occur. To cover such cases, we
briefly describe an extension of the proposed hot-deck method. Denote by p;;
the estimation of the joint response probability, and by

Dij

bi

Djli =
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the estimation of the conditional response probability p;; = %. The extended

random hot-deck imputation is as follows: missing y; in cell Uy is replaced with
y; =y, for j € s,q, (23)

with probability

d. 1—pji
* -~ J P
pr(yi =y;) = @ = T—pi; (24)
Zlesg ridy Duji

Mimicking the proof of Theorem 1, it can be shown that equation (9) still holds
under this hot-deck procedure; the proof is available from the authors. In the
particular case when the units respond independently, we obtain p;; = p; and
Dj|i = Pj, which leads to the random hot-deck imputation method described in

Section 2.

Also, note that the assumption of independent response behaviour is generally
not tenable for multi-stage surveys (e.g., household surveys) as units within
clusters tend to be correlated with respect to the variable being imputed as well
with respect to the response behaviour. In this context, a more appropriate

imputation model would be the linear mixed model within imputation cells

Yki = Hg + Vg + €k (25)

if element (ij) belongs to class g, where yi; denotes the y-value attached to
unit 4 in cluster k, vy is i-th cluster random effect and €g; is the residual error;
e.g., Haziza and Rao (2010) and Lago and Clark (2015) for more details. Also,
estimation of response probabilities based upon conditional logistic regression in
the context of correlated responses has been studied by Skinner and D’Arrigo
(2011). A doubly robust random hot-deck imputation procedure may be ob-
tained by using a random best linear unbiased prediction procedure (Lago and

Clark, 2015) based on (25). That is, the imputed value g; for missing y; is
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given by
gki = ﬂg + ﬁkr + ezz'a

where iy is a suitable estimator of p4, 7y is a suitable predictor of v, and the
e},;’s are residuals selected at random with appropriate probabilities. The choice

of appropriate probabilities is a topic of future research.

Estimating the variance of F 74(t) in the case of nonnegligible sampling frac-
tions is a challenging problem. Mashreghi et al. (2015) proposed a doubly
robust bootstrap procedure and showed empirically that the proposed proce-
dure performed well in terms of bias and coverage of confidence intervals for
distribution functions and quantiles. As for a doubly robust point estimator,
a doubly robust variance estimator remains consistent for the true variance
(which can be expressed as the sum of the sampling, nonresponse and imputa-
tion variances) if either the nonresponse or the imputation model is correctly
specified. The bootstrap procedure of Mashreghi et al. (2015) belongs to the
class of pseudo-populations bootstrap methods, whereby a pseudo-population
is first constructed from the set of respondents before selecting the samples and

generating nonresponse within each selected sample.

Under random hot-deck imputation, the imputed estimator Flﬁy(t) suffers from
the imputation variance that arises from the selection of donors within classes,
leading to a potentially inefficient estimator. Reducing/eliminating the imputa-
tion variance may be achieved by extending the results of Chauvet et al. (2011)
to the case of a distribution function. The idea is to select donors at random
while respecting appropriate constraints, which can be achieved through a bal-
anced selection of donors. An alternative to balanced imputation is fractional
imputation, whereby several imputed values are used to replaced a missing value,
each being assigned a fractional weight; see Kim and Fuller (2004). This topic

is currently under investigation.
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In practice, it is often required to estimate more complex parameters such as
quantiles or complex indicators of poverty and inequality such as Gini coeffi-
cients. These parameters depend on the distribution function. Thus, it would
be useful to establish the theoretical properties of imputed estimators such as

double robustness for this type of complex parameters.

Appendix A: Proofs of results

A preliminary lemma

For any missing y;, we note y;* the value that would have been imputed if the

true response probabilities were known. That is, for missing y; in cell Uy, we

take:
o 1-p;
yi*=y; forjes,, with probability @; = j—pjl_pl. (26)
l€sry dl Iy
‘We note
Ty = > di(l—r){ly; <t)—1(y;" < 1)} (27)

i€ES

Lemma 1 Suppose that assumption Cla or C1b holds. Suppose that assump-
tions C2-C6 hold. Then E|Ty| — 0.
| Zade el

Proof. We first note that the imputed value y} (using the estimated probabil-
ities p;, | € s;4) and the virtual imputed value y;* (using the true probabilities
pi, | € spg) may be obtained as follows. Following Algorithm 6.2 in [?], we

consider oy the largest value in [0,1] such that

Wi — Qg W .
0<w¥="-L 97 <1 for any j € sy,
1—-aqa
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] 3 _ . O (:)j s lf(IJj
which may be alternatively defined as oy = min (mm]esrg 5 Minjes, )

1-w;
Then, let

Y= y; forjes,, with probability w;,

y?* =vy; forjes,, with probability o.);-),

and let €, denote independent random variables such that ¢, = 1 with proba-
bility o, and €, = 0 with probability 1 — «y. Then any missing y; in cell Uy is
replaced with y} = €, y7* + (1 —¢,) y2*. It is straightforward to show that this
procedure leads to y = y; for j € s,4 with probability @;. This joint impu-
tation procedure enables to generate an imputed value y; which is close to the
imputed value y;* that we would obtain with the true probabilities p;, | € s,4.

*%

In fact, y; and y;

** are identical with a probability o.

Now, we can write

G
Tio= > (I—e) > di(l—r) {17 <t) = 1(y" < 1)}
g=1 i€sg
so that
G ~
T < ) (1—e) > di(1—1)
g=1 1€s,
G
< Z(l — €)
g=1
and

Ep|Ti| < Epq {Zc:(l - ag)}

0 i — s
J , max J J
JESrg

)}

1—a,
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The result thus follows from assumption (C6). ]

Proof of Theorem 1

Let ¢ € R. First, the total error of E7,(t) may be written as

Fry() = Fny® = { By = Fny® |+ {Fry () = Fry )}

The first term on the right-hand side of the previous expression is the sampling
error, whereas the second term is the nonresponse error. Under the assumption
Cla or Clb, and under the assumptions C2 and C3, we easily prove that

E’FNyy(t)—FN,y(t)‘ — 0, (28)

vV— 00

see for example [?] and [?]. It is thus sufficient to prove that

Froy(t) = Eny ()] — 0. (29)

vV— 00

E

The nonresponse error term may be written as

Frof)~ Fwa) = YA -r) (6 <0 -1 <0} (0
= £’§15+T2,

where

T o= S (- ) {Ly <) -1y <D} (31)

1€ES

and T4 is given in (27). From Lemma 1, it is sufficient to prove that E|Tz| — 0.
vV—00

This is equivalent to prove that E \Tg| — 0 where
| Zde el

T, = N'Y di(l—r) {1(y;" <t) = Uy <)} (32)

i€ESs
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We proceed by showing that

Bt (T2) =2, 0 (33)
wr (T2) =2 0 (349)

We begin with (33). We have

G
E; (T2) = N! Z Z di(1 —r;) Z Qi {1(y; <t) = 1(ys < 1)}

g=li€Es, Jj€sy
= U;+Us, (35)
where
G
U, = N7! Z Z di(1 — ;) Z wiri {1(y; <t) — Ly <t)},
g=li€s, JESsg
G
1 _ .
U = N2 "X, Y di(l—ri) Y dy=—2r {1(y; <) = 1 <)},
—1 ; j Pj
g 1ESg JESg
with
d; =B
w; = by for any j € sg,
Zlesg dl (1 - pl)
X N B N
! Ykes, B GETE Dkes, WL =pr) )
We have
E, U1) = 0 (36)
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and

G
_ 1—-k
Gl < NI Y
g=1 SER JEsy
1 < ’
— K . 4
- <Z Xg|> x (N Zdl> : (37)
g=1 €S
From (C3) and (C5), equation (37) leads to
ElUe)) — 0. (39)

From (36) and (38), we obtain (33).

Now, we consider (34). We have Vi, (T2) = EpVi(T) + Vpy E1(T3). Also,

G
Vi(To) = N2 N di(l—r) Y @ 1y, <6)— Y anrellys <1)

g=lics, JEsyg kesy
G
< N2 N &(1-m)
g=1li€s,
< NTY dr
€8

The assumptions C2 and C3 imply that V;(Ty) = O(n~1), so that

EpgVi(T5) 2 0 (39)
We now consider the term
VogBr(T2) = Vig(Ur + Us)

Viog(U1) + Vig(Ua) + Covyy(Ut, Usz).

Since E,(U1) = 0, we have V,,(U1) = E,V,(U1), and after some algebra we
have V,(U1) = O(n™'), so that V,,(U1) — 0. On the other hand, Vi (Uz) <
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E,q(U3), and using equation (37), we have from assumptions (C3) and (C5) that
Epq(U3) — 0. Hence V,q(Uz) " 0. Using the Cauchy-Schwarz inequality,

—00
we obtain Covpy(Ur,Uz) — 0. Consequently,
V—r0Q0

VogEr(Tz) — 0. (40)
From (39) and (40), we obtain (34). This completes the proof.

Proof of Theorem 2

Let ¢ > 0 and n > 0. According to Condition C8, let vy and t1,...,tp such
that (10) is satisfied for all N > 1. Let t € R and ¢ such that t;_; <t < ¢; and

N > vy. By monotonicity of F 7.y, We have

and by (10),
Fivy(t) = Fivy (ti—) — e
Hence,
Froy(t) = Fny(t) < Fry(ti=) — Fy(ti—) + e
Similarly,

Fl’y(t) - FN’y(t) > Fry(ti-1) — FN,y(tifl) — €

Taking the supremum over all ¢ yields

sup Fj’y(t) — FN’y(t) <e+ XN,67
teR

where we have defined

XN,e = mhax max {F]’y(tifl) — FN’y(tifl),Fj’y(ti—) — FN,y(ti—)} .

i=1,....M
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Because F’ Ty — Fn,y converges to 0 in probability as N — oo, there exists v
such that for any N > vy, Pr(|Xn.| > €) <n. Let now N > max {vg,v;}. For
such N,

Pr <sup Fp (1) — FN’y(t)‘ > 26) <.
teR

This concludes the proof.

Proof of the double robustness of the Dunstan-Chambers

type estimator

In view of Theorem 1, it is sufficient to prove that
E|Fpy(t) = Fry(t)| —> 0 (41)
both under the IM approach and the NM approach. The result will follow from
V{FLy () = Fry(t)} — 0, (42)
and since Ey(Fy,(t) — Fr,(t)) = 0, it is sufficient to prove that

E,E,Vi{Fi,(t)} — 0. (43)

We have

G
VI{Fry ()} = D> di(i—ri) Y @ 1y <6 — Y orrel(ye <)

g=1li€sy JEsy k€Esgy

IN
[]e

,
SN
—

i

|

33

N—

IN
S
ST

From Assumption (C3), Vi{Fs,(t)} is O(n~"), which completes the proof.
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