Functional central limit theorems
in survey sampling

Héléne Boistard!, Hendrik P. Lopuhai?, and Anne Ruiz-Gazen?®

IToulouse School of Economics
2Delft University of Technology
3Toulouse School of Economics

September 30, 2015

Abstract

For a joint model-based and design-based inference, we establish functional central limit
theorems for the Horvitz-Thompson empirical process and the Héjek empirical process centered
by their finite population mean as well as by their super-population mean in a survey sampling
framework. The results apply to generic sampling designs and essentially only require conditions
on higher order correlations. We apply our main results to a Hadamard differentiable statistical
functional and illustrate its limit behavior by means of a computer simulation.

1 Introduction

Functional central limit theorems are well established in statistics. Much of the theory has been de-
veloped for empirical processes of independent summands. In combination with the functional delta-
method they have become a very powerful tool for investigating the limit behavior for Hadamard or
Fréchet differentiable statistical functionals (e.g., see [vdVW96] or [vdV98| for a rigorous treatment
with several applications).

In survey sampling, results on functional central limit theorems are far from complete. At the
same time there is a need for such results. For instance, in [Dd08| the limit distribution of several
statistical functionals is investigated, under the assumption that such a limit theorem exists for a
design-based empirical process, whereas in [BD09] the existence of a functional central limit theorem
is assumed, to perform model-based inference on several Gini indices. Weak convergence of processes
in combination with the delta method are treated in [Bha07|, [Dav09|, [BM11], but these results
are tailor made for specific statistical functionals, and do not apply to the empirical processes that
are typically considered in survey sampling.

Recently, functional central limit theorems for empirical processes in survey sampling have ap-
peared in the literature. Most of them are concerned with empirical processes indexed by a class
of functions, see [BWO07], [SW13|, and [BCC14]. However, the results in [BW07] and [SW13]
are restricted to sampling schemes that have exchangeable inclusion indicators and constant inclu-
sion probabilities, such as simple random sampling and Bernoulli sampling, whereas the approach
in [BCC14] seems difficult to extend to sampling designs other than those that are closely related
to Poisson sampling. [Wanl2| considers empirical processes indexed by a real valued parameter.
Unfortunately, this paper seems to miss a number of assumptions that cannot be avoided and, more
importantly, it seems to contain a flaw in the proof. (see Section 7 for a more detailed discussion).



The main purpose of the present paper is to establish functional central limit theorems for
the Horvitz-Thompson and the Hajek empirical distribution function that apply to general sam-
pling designs. For design-based inference about finite population parameters, these empirical dis-
tribution functions will be centered around their population mean. On the other hand, in many
situations involving survey data, one is interested in the corresponding model parameters (e.g.,
see [KG98] and [BR09]). Recently, Rubin-Bleuer and Schiopu Kratina [RBSKO05] defined a mathe-
matical framework for joint model-based and design-based inference through a probability product-
space and introduced a general and unified methodology for studying the asymptotic properties
of model parameter estimators. To incorporate both types of inferences, we consider the Horvitz-
Thompson empirical process and the Hajek empirical process under the super-population model
described in [RBSKO05|, both centered around their finite population mean as well as around their
super-population mean. Our main results are functional central limit theorems for both empirical
processes indexed by a real valued parameter and apply to generic sampling schemes. These results
are established only requiring the usual standard assumptions that one encounters in asymptotic
theory in survey sampling. Our approach was inspired by an unpublished manuscript from Philippe
Fevrier and Nicolas Ragache, which was the outcome of an internship at INSEE in 2001.

The article is organized as follows. Notations and assumptions are discussed in Section 2.
In particular we briefly discuss the joint model-based and design-based inference setting defined
in [RBSKO05]. In Sections 3 and 4, we list the assumptions and state our main results. Our
assumptions essentially concern the inclusion probabilities of the sampling design up to the fourth
order and a central limit theorem (CLT) for the Horvitz-Thompson estimator of a population total
for i.i.d. bounded random variables. Our results allow random inclusion probabilities and are stated
in terms of the design-based expected sample size, but we also formulate more detailed results in
case these quantities are deterministic.

As an application of our results, in combination with the functional delta-method, we obtain the
limit distribution of the poverty rate in Section 5. This example is further investigated in Section 6
by means of a simulation. Finally, in Section 7 we discuss in detail the differences of our results
with the work by [BWO07], [SW13], [Wan12], and [BCC14|. All proofs are deferred to Section 8 and

some tedious technicalities can be found in [BLRG15|.

2 Notations and assumptions

We adopt the super-population setup as described in [RBSKO05]. Consider a sequence of finite
populations (Z/IN ), of sizes N = 1,2,.... With each population we associate a set of indices Uy =
{1,2,...,N}. Furthermore, for each index i € Uy, we have a tuple (y;,2) € R x RL. We denote
vy = (y1,92,...,yn) € RV and 2"V ¢ RiXN similarly. The vector y contains the values of the
variable of interest and z” contains information for the sampling design. We assume that the values
in each finite population are realizations of random variables (Y;, Z;) € R x Ri, fori=1,2,..., N,
on a common probability space (Q,F,P,,). Similarly, we denote YV = (Y1,Ys,...,Yyn) € RV and
ZN ¢ RiXN. To incorporate the sampling design, a product space is defined as follows. For all
N=1,2,...,1let Sy = {s:s C Uy} be the collection of subsets of Ux and let Ay = o(Sy) be the
o-algebra generated by Sy. A sampling design associated to some sampling scheme is a function
p: AN X RiXN — [0, 1], such that

(i) for all s € Sn, 2"V + p(s,2") is a Borel-measurable function on ]R?FXN.

(ii) for all 2V € RiXN, A+ p(A,z") is a probability measure on Ay.

Note that for each w € , we can define a probability measure A — Pg(A4,w) = > .4 p(s, ZV (w))
on the design space (Sy,2y). Corresponding expectations will be denoted by E4(-,w). Next, we



define a product probability space that includes the super-population and the design space, under
the premise that sample selection and the model characteristic are independent given the design
variables. Let (Sy x Q,n x §) be the product space with probability measure Pg,, defined on
simple rectangles {s} x E € Ax X § by

Pim({s} x E) = /Ep(s, ZN(w))d]P’m(w) = /E]P’d({s},w) dP,, (w).

When taking expectations or computing probabilities, we will emphasize whether this is with respect
either to the measure Py, associated with the product space (Sy x ©,2y x §), or the measure P4
associated with the design space (Sy,2(y), or the measure P, associated with the super-population

space (£2,F).
If ns denotes the size of sample s, then this may depend on the specific sampling design including
the values of the design variables Zj(w),...,Zn(w). Similarly, the inclusion probabilities may

depend on the values of the design variables, m;(w) = Eq(&,w) = > 5, p (s, 2" (w)), where & is the
indicator 1,53 Instead of ns, we will consider n = Eq4[ns(w)] = SN Ea(&,w) = 3N mi(w). This
means that the inclusion probabilities and the design-based expected sample size may be random
variables on (2, §,Pp,).

We first consider the Horvitz-Thompson (HT) empirical processes, obtained from the HT em-
pirical c.d.f.:

N
FIT (1) = 3 Sls g (2.1)
N= m ’

We will consider HT empirical process \/H(IF%T — Fy), obtained by centering around the empirical
c.d.f. Fy of Y7,..., Yy, as well as the HT empirical process v/n(FYY — F), obtained by centering
around the c.d.f. F' of the Y;’s. A functional central limit theorem for both processes will be
formulated in Section 3. In addition, we will consider the Hajek empirical c.d.f.:

Hi o _ L Y Gl gy
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where N = sz\il & /m; is the HT estimator for the population total N. Functional central limit
theorems for v/n(FY¥ —Fy) and v/n(FY¥ — F) will be provided in Section 4. The advantage of our
results is that they allow general sampling schemes and that we primarily require bounds on the
rate at which higher order correlations tend to zero w-almost surely, under the design measure Pg.

3 FCLT’s for the Horvitz-Thompson empirical processes

A functional central limit theorem for v/n(FAT —Fy) and /n(FAT — F) is obtained by proving weak
convergence of all finite dimensional distributions and tightness. In order to establish the latter for
general sampling schemes, we impose a number of conditions that involve the sets

Dyn = {(z’l,ig, ceviy) €412, NV tigin, ... iy all different}, (3.1)

for the integers 1 < v < 4. We assume the following conditions:

(C1) there exist constants K7, Ko, such that for all i =1,2,..., N,

N,
0< K1 < ——"<Ky<o0o, w-—as.
n



There exists a constant K3 > 0, such that for all N =1,2,...:

(C2) max(;jyep, x [Balé = m)(& — m5)| < Kan/N?,
(C3) max(; jx)ens x ‘Ed(fi =) (& — m5) (& — Wk)‘ < K3n?/N?,

(C4) max(;jr1)en, v ’Ed(& —mi)(&§ — ) (& — ) (& — Wz)‘ < K3n?/N*,

w-almost surely. These conditions on higher order correlations are commonly used in the litera-
ture on survey sampling in order to derive asymptotic properties of estimators (e.g., see [BO00],
and [CCGL10]). [BO00] proved that they hold for simple random sampling without replacement and
stratified simple random sampling without replacement, whereas [BLRG12| proved that they hold
also for rejective sampling. Lemma 2 from [BLRG12| allows us to reformulate the above conditions
on higher order correlations into conditions on higher order inclusion probabilities.

To establish the convergence of finite dimensional distributions, for sequences of bounded i.i.d. ran-
dom variables V1, Vo, ... on (Q,§,Py,), we will need a CLT for the HT estimator in the design space,
conditionally on the V;’s. To this end, let S% be the (design-based) variance of the HT estimator
of the population mean, i.e.,

N = NQZZ”” ] (32)

=1 j=1
We assume that

(HT1) For N sufficiently large Sy > 0 and for any sequence of bounded i.i.d. random variables

Vi,Va, .oy
N N
1 (1 ey 1
— (=323 = N, ), —as.,
Sn (N, . Ni:l‘/)_) (0.1),  w=as

=1 v

in distribution under Py.

Note that (HT1) holds for simple random sampling without replacement if n(N — n)/N tends to
infinity when N tends to infinity (see [Tho97]), as well as for Poisson sampling under some conditions
on the first order inclusion probabilities (e.g., see [Ful09]). For rejective sampling, [H4j64] gives some
sufficient conditions for (HT1) to hold.

We also need that nS]2V converges for the particular case where the V;’s are random vectors
consisting of indicators 1 {v;<t}-

(HT2) For k € {1,2,...},i=1,2,... .k and t1,ts,... ,t; € R, define Y!, = (Lyy,<4py, -5 Lyi<ty))-
There exists a deterministic matrix EI,C{T, such that

: Mg — 7TJ HT
lim ZZ - Yy Y =8, w—as (3.3)

N—o0
=1 j=1

This kind of assumption is quite standard in the literature on survey sampling and is usually
imposed for general random vectors (see, for example [DS92], p.379, [FF91], condition 3 on page 457,
or [KR81], condition C4 on page 1014). It suffices to require (3.3) for Y!, = (Lyyvi<pys- - Livi<a})-
Moreover, if (C1)-(C2) hold, then the sequence in (3.3) is bounded, so that by dominated convergence
it follows that

SET = Jim QZZE [ T Ty (3.4)
i=1 j=1 T



This might help to get a more tractable expression for ZET.
We are now able to formulate our first main result. Let D(R) be the space of cadlag functions

on R equipped with the Skorohod topology.

Theorem 3.1. Let Y1,...,Yyn be i.i.d. random wvariables with c.d.f. F' and empirical c.d.f. Fy
and let FXT be defined in (2.1). Suppose that conditions (C1)-(C4) and (HT1)-(HT2) hold. Then
VR(FEY — Fy) converges weakly in D(R) to a mean zero Gaussian process GHT with covariance
function

N N
1 T — T
HT HT : [ 1]
E.G" (s )G (t ) - ]\}lm N2 ;:1: ;:1: B [n T ]I{YZSS}]I{YJSt}

for s,t € R.

Note that Theorem 3.1 allows a random (design-based) expected sample size n and random
inclusion probabilities. However, the expression of the covariance function of the limiting Gaussian
process is somewhat unsatisfactory. When n and the inclusion probabilities are deterministic, we can
obtain a functional CLT with a more precise expression for E,,G"T(s)G"T(¢) under slightly weaker
conditions. This is formulated in the proposition below. Note that with imposing conditions (i)-(ii)
in Proposition 3.1 instead of (3.3), convergence of nSZQV is not necessarily guaranteed. However, this
is established in Lemma 9.1 in [BLRG15] under (C1) and (C2).

Finally, we like to emphasize that if we would have imposed (HT2) for any sequence Y1, Yo, ...
of bounded random vectors, then (HT2) would have implied conditions (i)-(ii) in the deterministic
setup of Proposition 3.1.

Proposition 3.1. Consider the setting of Theorem 3.1, where n and m;, m;;, fori,5 =1,2,..., N,
are deterministic. Suppose that (C1)-(C4) and (HT1) hold, but instead of (HT2) assume that there
exist constants pix1, pro € R such that

N
n Z 1

T3 — T3T04
W g Y
i#j i

Then /n(FRT —F ) converges weakly in D(R) to a mean zero Gaussian process GHT with covariance
function pir, F(s Nt) + proF(s)F(t), for s,t € R.

When n/N — A € [0,1], then conditions (i)-(ii) hold with g1 = 1 — X and pzo = XA — 1 for
simple random sampling without replacement. For Poisson sampling, (ii) holds trivially because
the trials are independent. For rejective sampling, (i)-(ii) together with n/N — A € [0, 1], can be
deduced from the associated Poisson sampling design. Indeed, suppose that (i) holds for Poisson
sampling with first order inclusion probabilities p1,...,pyN, such that Ef\il p; = n. Then, from
Theorem 1 in [BLRG12] it follows that if d = Zf\; 1 pi(1 —p;) tends to infinity, assumption (i) holds
for rejective sampling. Furthermore, if n/N — A € [0,1] and N/d has a finite limit, then also (ii)
holds for rejective sampling.

Weak convergence of the process v/n(
a CLT in the super-population space for

F%T — F), where we center with F' instead of Fy, requires

1 K&V
NG (NZ; m —uv> . where py = En(Vi), (3:5)



for sequences of bounded i.i.d. random variables Vi, Va, ... on (Q,§, Py,). Our approach to establish
asymptotic normality of (3.5) is then to decompose as follows

N
ﬁ(;zﬁg )

Vi 1o Vi 1 o
< zm Nzw)+mxm(N;v;—w>.

i=1 =1

(3.6)

Since the V;’s are i.i.d. and bounded, for the second term on the right hand side, by the traditional
CLT we immediately obtain

N
\/N (]17 Z Vi— HV) — N(070\2/)7 (37)

in distribution under P,,, where 0‘2/ denotes the variance of the V;’s, whereas the first term on the
right hand side can be handled with (HT1). [BWO07] and [SW13] use a decomposition similar to
the one in (3.6). Their approach assumes exchangeable &;’s and equal inclusion probabilities n/N,
which allows the use of results on exchangeable weighted bootstrap to handle the first term on the
right hand side of (3.6). Instead, we only require conditions (C2)-(C4) on higher order correlations
for the &;’s and allow the ;’s to vary within certain bounds as described in (C1). To combine the
two separate limits in (3.7) and (HT1), we will need

(HT3) n/N — X € [0,1], w-a.s.

We will then use Theorem 5.1(iii) from [RBSKO05|. The finite dimensional projections of the processes
involved turn out to be related to a particular HT estimator. In order to have the corresponding
design-based variance converging to a strictly positive constant, we need the following condition.

(HT4) For all k € {1,2,...} and t1,t9,...,t; € R, the matrix EET in (3.3) is positive definite.
We are now able to formulate our second main result.

Theorem 3.2. Let Y, ..., Yy be i.i.d. random variables met c.d.f. F and let FYT be defined in (2.1).
Suppose that conditions (C1)-(C4) and (HT1)-(HT4) hold. Then /n(FYT — F) converges weakly in
D(R) to a mean zero Gaussian process GET with covariance function E4,,GHEY (s)GET(t) given by

. T34 T4
A}gnoom;;E { I ]]1{Y<5}1{Y<t} +MF(sAt) = F(s)F(t)},

for s,t € R.

Theorem 3.2 allows random n and inclusion probabilities. As before, when the sample size n and
inclusion probabilities are deterministic we can obtain a functional CLT under a simpler condition
than (HT4) and with a more detailed description of the covariance function of the limiting process.

Proposition 3.2. Consider the setting of Theorem 3.2, where n and m;, m;;, fori,5 =1,2,..., N,
are deterministic. Suppose that (C1)-(C4), (HT1)and (HT3) hold, but instead of (HT2) and (HT/)

assume that there exist constants i1, pr2 € R such that

N
n 1
) i 75 ——1)=px )
(i) i N2i_1 (m ) pr1 >0
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Then /n(FYY — F) converges weakly in D(R) to a mean zero Gaussian process G''T with covariance
function (pzy + AN)F(s At) + (a2 — AN F(s)F (), for s,t € R.

Since 1/m; > 1, we will always have 11 > 0 in condition (i) in Proposition 3.2. This means that
(i) is not very restrictive. For simple random sampling without replacement, condition (i) requires
A to be strictly smaller than one.

4 FCLT’s for the Hajek empirical processes

To determine the behavior of the process \/ﬁ(F%‘] — Fp), it is useful to relate this process to the
process

G (t _yn Z & (11{Y<t} —F(t )) (4.1)

We can then write N
VA{ER () - Fx @) =Yl + (5~ 1) R (), 1.2

where
- 4 Z ( - 1> Liy,cn — F(®)) - (4.3)

As intermediate results we will first bhOW that the process G7%; converges weakly to a mean zero

Gaussian process and that N /N — 1 in probability. As a consequence, the limiting behavior of
V/n(F I]ff] — Fy) will be the same as that of Yy, which is an easier process to handle. Instead of
(HT2) and (HT4) we now need

(HJ2) For k € {1,2,...},i=1,2,...,k and t1,t2,...,t; € R, define
Y = (Liyi<ey — F(t), - Lyi<ey — Ft) -

There exists a deterministic matrix EI,;IJ, such that
n o L —
lim — > )" Y, Y =2 w-as. (4.4)

and
(HJ4) For all k € {1,2,...} and t1,t2,...,t € R, the matrix X in (4.4) is positive definite.
As in the case of (3.4), if (C1)-(C2) hold, then (HJ2) implies

T T4
S = fim 222[[3 [ TN (45)
=1 j=1

Theorem 4.1. Let G7; be defined in (4.1) and let N = Zfil & /mi. Suppose n — 00, w-a.s., and
that there exists 0'72r > 0, such that

Tij — TiTj
~3 g g U] =02, w-—as. (4.6)
N = Ty
=1 i=

If in addition,



(i) (HT1) hold, then N/N — 1 in Py, probability.

(i) (C1)-C(4), (HT1), (HT3), (HJ2) and (HJ4) hold, then G}, converges weakly in D(R) to a
mean zero Gaussian process G™ with covariance function Eq,,,G™(s)G" (t) given by

fin WZZE [ T (s — F(9)) (Lyvizy — F(0)

N—o00
=1 j=1

+)\(F(s/\t)—F(s)F(t)), s,t € R.

Note that in view of condition (HT3), the condition n — oo is immediate, if A > 0. We proceed
by establishing weak convergence of v/n(FY — Fy).

Theorem 4.2. Let Y7,...,Yy be i.i.d. random variables with c.d.f. F' and empirical c.d.f. Fn and
let FYY be defined in (2.2). Suppose n — oo, w-a.s., and that (C1)-C(4), (HT1), (HTS), and (HJ2)
hold, as well as condition (4.6). Then /n(FY¥ — Fy) converges weakly in D(R) to a mean zero
Gaussian process GP with covariance function Eq G (s)GHI(t) given by

TI=T0 (Lyegy — F(5)) (Lpyien — F0) |

7TZ'7Tj

for s, t € R.

Note that we do not need condition (HJ4) in Theorem 4.2. This condition is only needed in
Theorem 4.1 to establish the limit distribution of the finite dimensional projections of the process
G- For Theorem 4.2 we only need that G7; is tight.

As before, below we obtain a functional CLT for \/n(F% — Fy) in the case that n and the
inclusion probabilities are deterministic. Similar to the remark we made after Theorem 3.1, note
that if we would have imposed (HJ2) for any sequence of bounded random vectors, then this would
imply conditions (i)-(ii) of Proposition 3.1, which can then be left out in Theorem 4.1.

Proposition 4.1. Consider the setting of Theorem 4.2, where n and m;, m;;, fori,5 =1,2,..., N,
are deterministic. Suppose n — oo and that (C1)-(C4), (HT1) and (HT3) hold, as well as condi-
tions (i)-(ii) from Proposition 3.1. Then /n(FY — Fy) converges weakly in D(R) to a mean zero
Gaussian process G with covariance function pir, (F(s At) — F(s)F(t)), for s,t € R.

Finally, we consider \/n(F — F). Again, we relate this process to (4.1) and write

Vi (B (1) - F (1) = ZGRO). (4.7

Since N/N — 1 in probability, this implies that Vn(FR — F) has the same limiting behavior as
GR.

Theorem 4.3. LetYi,...,Yy bei.i.d. random variables with c.d.f. F and let FYY be defined in (2.2).
Suppose n — oo, w-a.s., and that (C1)-C(4), (HT1), (HT3), (HJ2) and (HJ4) hold, as well as

condition (4.6). Then /n(FY — F) converges weakly in D(R) to a mean zero Gaussian process G
with covariance function Eq, G (s)G™(t) given by

lim ZZE [ T (Lyegy = F(9)) (L — F (1)

N—oo T4
i=1 j=1 v

FA(F(sAt)— F(s)F(t)), s,teR.



With Theorem 4.3 we recover Theorem 1 in [Wan12|. Our assumptions are comparable to those
in [Wan12|, although this paper seems to miss a condition on the convergence of the variance, such
as our condition (HJ2).

We conclude this section by establishing a functional CLT for /n(FY — F) in the case of
deterministic n and inclusion probabilities.

Proposition 4.2. Consider the setting of Theorem j.5, where n and m;, m;;, fori,7 =1,2,..., N,
are deterministic. Suppose n — oo and that (C1)-(C4), (HT1) and (HT3) hold, as well as condi-
tions (i)-(ii) from Proposition 5.2. Then /n(FY — F) converges weakly in D(R) to a mean zero
Gaussian process G with covariance function (pir, + X) (F(s At) — F(s)F(t)), for s,t € R.

5 Hadamard-differentiable functionals

Theorem 4.3 provides an elegant means to study the limit behavior of estimators that can be
described as qS(F%J ), where ¢ is a Hadamard-differentiable functional. Given such a ¢, the functional
delta-method, e.g., see Theorems 3.9.4 and 3.9.5 in [vdVW96| or Theorem 20.8 in [vdV98], enables
one to establish the limit distribution of ¢(F%). Similarly, this holds for Theorems 3.1, 3.2, and 4.2,
or Propositions 3.1, 3.2, 4.1, and 4.2 in the special case of deterministic n and inclusion probabilities.

We illustrate this by discussing the poverty rate. This indicator has recently been revisited
by [GT14] and [OAB15]. This example has also been discussed by [Dd08], but under the assumption
of weak convergence of \/n(F% — Fy) to some centered continuous Gaussian process. Note that
this assumption is now covered by our Theorem 4.2 and Proposition 4.1. Let Dg C D(R) consist of
F € D(R) that are non-decreasing. Then for F' € Dy, the poverty rate is defined as

¢(F) = F (BF(a)) (5.1)

for fixed 0 < a, B < 1, where F~1(a) = inf {t : F(t) > a}. Typical choices are a = 0.5 and 8 = 0.5
(INSEE) or 8 = 0.6 (EUROSTAT). Its Hadamard derivative is given by

J(BF ),

-1 -1
FETay M @) +R(BE ) (52)

¢r(h) = —B

See |BLRG15] for details.
We then have the following corollaries for the Horvitz-Thompson estimator ¢(FiT) and the
Hajek estimator ¢(FY?) for the poverty rate ¢(F).

Corollary 5.1. Let ¢ be defined by (5.1) and suppose that the conditions of Proposition 3.2 hold.
Then, if F is differentiable at F~'(a), the random variable /n(¢(FEY) — ¢(F)) converges in dis-
tribution to a mean zero normal random variable with variance

ﬁQfm ('77r104 + Yr2ov )

f(BF ()
fFFHa))

where Yx1 = pr1 + A and Y2 = pra — A, If in addition n/N — 0, then /n(¢(FYY) — ¢(Fy))
converges in distribution to a mean zero normal random variable with variance JIQ{T -

C’HT B
(5.3)

+ %1¢(F) + ’Yrr2¢( ) —2p ¢(F) (’771'1 + ’7#205)7

Corollary 5.2. Let ¢ be defined by (5.1). and suppose that the conditions of Proposition j.2
hold. Then, if F is differentiable at F~'(«), the random variable \/n(¢(FR) — ¢(F)) converges in



distribution to a mean zero normal random variable with variance

[(BF (0))?
= O a1~ a)
F(FT(a))? )

B o f(BF(a)) .
+r10(F) (1 — ¢(F))) Qﬁif( o) O(F)vr1 (1 — o),

where Yr1 = px1 + . If in addition n/N — 0, then /n(¢(FY) — ¢(Fn)) converges in distribution
to a mean zero normal random variable with variance U%J B

UHJ o,

6 Simulation study

The objective of this simulation study is to investigate the performance of the Horvitz-Thompson
(HT) and the Hajek (HJ) estimators for the poverty rate, as defined in (5.1), at the finite population
level and at the super-population level. The asymptotic results from Corollary 5.1 and 5.2 are used
to obtain variance estimators whose performance is also assessed in this small study.

Six simulation schemes are implemented with different population sizes and (design-based) ex-
pected sample sizes, namely N = 10000 and 1000 and n = 500, 100, and 50. The samples are drawn
according to three different sampling designs. The first one is simple random sampling without re-
placement (SI) with size n. The second design is Bernoulli sampling (BE) with parameter n/N.
The third one is Poisson sampling (PO) with first order inclusion probabilities equal to 0.4n/N for
the first half of the population and equal to 1.6n/N for the other half of the population, where
the population is randomly ordered. The first order inclusion probabilities are deterministic for the
three designs and the sample size n; is fixed for the SI design, while it is random with respect to the
design for the BE and PO designs. Moreover, the SI and BE designs are equal probability designs,
while PO is an unequal probability design. The results are obtained by replicating Np = 1000
populations. For each population, ng = 1000 samples are drawn according to the different designs.
The variable of interest Y is generated for each population according to an exponential distribution
with rate parameter equal to one. For this distribution and given « and [, the poverty rate has
an explicit expression ¢(F) = 1 — exp(fIn(1l — «)). In what follows, @ = 0.5 and § = 0.6 and
¢(F) ~ 0.34. These are the same values for o and § as considered in [Dd08]

The Horvitz-Thompson estimator and Hajek estimator for ¢(F) or ¢(Fy) are denoted by ngT
and ¢nj, respectively. They are obtained by plugging in the empirical c.d.f.’s IF and IF%J , Te-
spectively, for F' in expression (5.1). The empirical quantiles are calculated by using the function
wtd.quantile from the R package Hmisc for the Hajek estimator and by adapting the function for
the Horvitz-Thompson estimator. For the SI sampling design, the two estimators are the same.
The performance of the estimators for the parameters ¢(F) and ¢(Fy) is evaluated using some
Monte-Carlo relative bias (RB). This is reported in Table 1. When estimating the super-population
parameter ¢(F), if gbm denotes the estimate (either ¢HT or gZ)HJ) for the ith generated population
and the jth drawn sample, the Monte Carlo relative bias of <Z> in percentages has the following

expression
Ng ngr

100 (ﬁ”

RBr() = =3 >

=1 j=1
When estimating the finite population parameter ¢(Fy), the parameter depends on the generated
population Nj, for each i = 1,..., Ng, and will be denoted by ¢(Fy,). The Monte Carlo relative
bias of 5 is then computed by replacing F' by [y, in the above expression. Concerning the relative
biases reported in Table 1, the values are small and never exceed 3%. As expected, these values
increase when n decreases. When the centering is relative to ¢(Fy), the relative bias is in general
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Table 1: RB (in %) of the HT and the HJ estimators for the finite population ¢(Fy) and the
super-population ¢(F') poverty rate parameter

N = 10000 N = 1000
n=500 n=100 n=50 n=500 n=100 n=2>50
SI  HT-HJ ¢(Fy) —0.17 —-0.89 —1.82 —0.05 —0.84 —1.62
o(F) —0.20 —-091 -1.86 —0.18 —-0.72 —1.85
HT o(Fn) —0.12 —-0.66 —1.29 0.01 —-0.65 —1.12
BE o(F) —0.15 —-0.68 —1.34 —0.12 —-0.54 —1.36
HJ o(Fn) —0.17 -0.92 —1.87 —0.04 —0.88 —1.68
o(F) —0.20 —0.93 —-1.92 —0.17 —-0.76 —1.91
HT o(Fn) —0.05 —1.05 —2.06 —0.06 —-0.30 -0.37
PO o(F) —0.08 -1.07 -2.11 —-0.19 —-0.19 —-0.63
HJ o(Fn) —0.20 —1.27 —-2.95 —0.04 —1.08 -—1.99
o(F) —0.23 —-1.28 —3.00 —0.17 —-0.97 —2.23

Table 2: RB (in %) for the variance estimator of the HT and the HJ estimators for the poverty rate
parameter

N =10000 N = 1000
n=0500 n=100 n=50 n=500 n=100 n =250
SI HT-HJ —2.21 -3.08 =297 —2.25 -3.26 —=3.00
BE HT —4.15 -5.11 —4.21 —3.31 -5.11 —4.19
HJ —2.22 —3.06 —3.03 —2.26 —-3.24 -3.03
PO HT —4.43 —4.96 —3.45 —-3.74 —-5.72 —4.59
HJ —2.36 —-3.43 —-3.36 —2.44 -3.75 —4.13

somewhat smaller than when centering with ¢(F'). This behavior is most prominent when N = 1000
and n = 500, which suggests that the estimates are typically closer to the population poverty rate
¢(Fx) than to the model parameter ¢(F'). The Hajek estimator has a larger relative bias than the
Horvitz-Thompson estimator in all situations but in particular for the Poisson sampling design when
the size of the population is 1000. Note that all values in Table 1 are negative, which illustrates the
fact that the estimators typically underestimate the population and model poverty rates.

In Table 2, the estimators of the variance of ngT and Q/gHJ are obtained by plugging in the
empirical c.d.f.’s FRT and FRY| respectively, for F in the expressions (5.3) and (5.4). To estimate f
in the variance of $H 1, we follow [BS03], who propose a Hajek type kernel estimator with a Gaussian
kernel function. For the variance of ;;HT, we use a corresponding Horvitz-Thompson estimator by
replacing N by N. Based on [Sil86], pages 45-47, we choose b = O.79Rn;1/5, where R denotes
the interquartile range. This differs from |[BS03|, who propose a similar bandwidth of the order
N~Y5. However, this severely underestimates the optimal bandwidth, leading to large variances of
the kernel estimator. Usual bias variance trade-off computations show that the optimal bandwidth
is of the order ns_1/5.

For the SI sampling design, (5.3) and (5.4) are identical and can be calculated in an explicit way
using the fact that 1 + A =1 and pr2 — A = —1. For the BE design, pr1 + A = 1, whereas for
Poisson sampling, the value (n/N?) S>> 1/m; is taken for pz1 4+ A. For these designs, pize — A = —,
where we take n/N as the value of \.

In order to compute the relative bias of the variance estimates, the asymptotic variance is taken
as reference. This asymptotic variance AV(qg) of the estimator ¢ (either ¢yt or ¢py) is computed
from (5.3) and (5.4). The expressions f(BF 1(a)) and f(F~!(a)) are explicit in the case of an
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Table 3: Coverage probabilities (in %) for 95% confidence intervals of the HT and the HJ estimators
for the finite population ¢(Fy) and the super-population ¢(F') poverty rate parameter

N = 10000 N = 1000
n=500 n=100 n=50 n=500 n=100 n=2>50
SI  HT-HJ ¢(Fy) 95.2 94.4 93.5 98.8 95.1 94.6
o(F) 94.6 93.2 92.2 94.7 93.2 92.0
HT o(Fn) 94.9 94.3 94.6 98.4 94.8 94.6
BE o(F) 94.4 93.7 94.9 94.6 93.6 94.7
HJ o(Fn) 95.1 94.3 93.9 98.7 94.9 94.2
o(F) 94.7 94.2 93.9 94.7 94.2 93.9
HT o(Fn) 94.5 94.2 94.3 96.8 94.0 93.6
PO o(F) 94.5 94.0 94.3 94.6 93.6 93.5
HJ o(Fn) 94.8 93.9 93.6 97.2 94.2 93.3
o(F) 94.6 93.9 93.6 94.6 93.9 93.2

exponential distribution. Furthermore, for uz1 + A and pzo — A we use the same expressions as
mentioned above. The Monte Carlo relative bias of the variance estimator AV(gb) in percentages, is
defined by

Nr ng

RB (AV( 100 ZZAV d)zj (d))’

~ Ngn
RR’Ll]l

where AV (<Z”) denotes the variance estimate for the ith generated population and the jth drawn
sample.

Table 3 gives the Monte-Carlo coverage probabilities for a nominal coverage probability of 95%
for the two parameters ¢(Fy) and ¢(F'), the Horvitz-Thompson and the Hajek estimators and the
different simulation schemes. In general the coverage probabilities are somewhat smaller than 95%,
which is due to the underestimation of the asymptotic variance, as can be seen from Table 2. The
case N = 1000 and n = 500 for q?m forms an exception, which is probably due to the fact that
in this case A = n/N is far from zero, so that the limit distribution of v/n(¢(FiT) — ¢(Fy)) and
Vn(¢(FR) — ¢(Fy)) has a larger variance than the ones reported in Corollaries 5.1 and 5.2. When
looking at Table 2, the relative biases are smaller than 5% when n is 500. The biases are larger
for the Horvitz-Thompson estimator than for the Hajek estimator. Again all relative biases are
negative, which illustrates the fact that the asymptotic variance is typically underestimated.

7 Discussion

[Wan12| formulates a functional central limit theorem (see his Theorem 1) for the Hajek empirical
c.d.f. from (2.2) centered around F. It is also claimed that a similar result holds for the Horvitz-
Thompson process in (2.1), but details are not provided. The paper seems to miss a number of
assumptions that cannot be avoided. For instance, the proof of his Theorem 1 requires convergence
in probability of the covariance matrix of the vector vn*(Fp.(t) — Fn(t), Fnr(s) — Fn(s)). This
assumption is comparable with our condition (HJ2), but is missing in [Wan12]. More severely, the
argument establishing Billingsley’s tightness condition seems to contain a serious mistake, which
cannot be repaired easily (see the inequality on line 6 page 678 in [Wanl2|; the inequality can be
shown not to hold for instance for sampling designs with independent inclusion indicators). As
a consequence, assumption 5 in [Wanl2| differs somewhat from our conditions (C2)-(C4). The
remaining assumptions in [Wanl2| are comparable to the conditions needed for our Theorem 4.3.
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Note that, in addition to the latter theorem, we also establish Theorems 3.1, 3.2, and 4.2 for other
empirical processes of interest.
[BWO07] and [SW13] obtain weak convergence of the empirical process (in our notation)

N .
L5 {Em-mam). sex ()

Weak convergence is established under finite population two-phase stratified sampling. This pro-
cess is comparable to our Horvitz-Thompson empirical process in Theorem 3.2. Although their
functional CLT allows general function classes, it only covers sampling designs with equal inclu-
sion probabilities within strata that assume exchangeability of the inclusion indicators &1, ..., &N,
such as simple random sampling and Bernoulli sampling. Their approach views two-phase stratified
sampling as a form of bootstrap and uses results on exchangeable weighted bootstrap for empirical
processes from [PW93|, as incorporated in [vdVW96]. This approach, in particular the application
of Theorem 3.6.13 in [vdVW96|, seems difficult to extend to more complex sampling designs that
go beyond exchangeable inclusion indicators. Although our results only correspond to the class of
indicators fi(y) = 1(—(y), for t € R, the advantage of our results is that they are applicable to
general sampling designs. Moreover, our results also include empirical processes centered with the
population mean.
[BCC14] establish a functional CLT, for the Poisson-like empirical process

~ 1 F(Y;)
GP () =—=> (& —p) { Y- 9N,p<f>} ,  feF (7:2)
" VN i=1 i
where p = (p1,...,pn) is the vector of inclusion probabilities corresponding to a Poisson sampling
design and
1 N
Onp(f) = ay N (L=p)f(Y), dyv=> pi(l-p).
i=1 i=1
However, the functional CLT is obtained conditionally on the Y7, Ys.... In this case, the terms in the

summation in (7.2) are independent, which allows the use of Theorem 2.11.1 from [vdVW96|. From
their result a functional CLT under rejective sampling can then be established for the design-based
Horvitz-Thompson process

N .
GMAﬁ::jNZ;{ZfOD—fOﬂ}, ferF, (73

w-almost surely. This is due to the close connection between Poisson sampling and rejective sam-
pling. For this reason, the approach used in [BCC14| seems difficult to extend to other sampling
designs. For the class of indicators fi(y) = 1(_4(v), for t € R, the process in (7.3) is similar to the
one in our Theorem 3.1, but this theorem allows general sampling designs. Moreover, our results
also include empirical processes centered with the superpopulation mean.

8 Proofs

We will use Theorem 13.5 from [Bil99], which requires convergence of finite dimensional distributions
and a tightness condition (see (13.14) in [Bil99]. We will first establish the tightness condition, as
stated in the following lemma.
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Lemma 8.1. Let Y1,..., YN be i.i.d. random variables with c.d.f. F' and empirical c.d.f. Fn and let
FYT be defined according to (2.1). Let Xy = /n(FRT —Fy) and suppose that (C1)-(C4) hold. Then
there exists a constant K > 0 independent of N, such that for any t1, to and —oo < t1 <t <ty < 00,

B [(5(0) — Ear(1))? (v (t2) — X (0] < K (F(t2) — F(1)

~N(t) ‘FZ ( - 1> Liyi<sy-

For the sake of brevity, for —co < t; <t <ty < oco,andi=1,2,..., N, we define py = F(t)— F(t1),
p2 = F(t2) — F(t), A; = 1y, cv,<yy, and By = lyoy <4,y Furthermore, let a; = (& — m)Ai /7
and 3; = (& — m;)B;/m;. Then, according to the fact that pips < (F(t2) — F(t1))?, due to the
monotonicity of F, it suffices to show

Proof. First note that

2

N 2 /N
i Rd,m n? <Z Oéz‘) > B < Kpipo. (8.1)
: st

The expectation on the left hand side can be decomposed as follows

N N N N
Z Z IE:d,m 05125]3] + Z Z Z Ed,m [7120(1'04]'5]%}

=1 k=1 i=1 jAi k=1 29
N N N N (8:2)
+ Z D Eam [n?07B:B] + DD DY Eam [nPeicBiBi] -
—1 1Ak i=1 =1 jAi k=1 I£k

Note that by symmetry, sums two and three on the right hand side can be handled similarly, so
that essentially we have to deal with three summations. We consider them one by one.
First note that, since 1y «y;<syL{t<y,<t,) = 0, we will only have non-zero expectations when

{i,j} and {k,l} are disjoint. With (C1), we find

N N
DS B [20267) = 57 S Eam 235

=1 k=1 (i, k)EDQ N
1 A;B
=i 2D Em [”2 Wgngd(fi — )2 (& — 7Tk)2:| (8.3)
(i,k)ED2. N 2
1 A;B
< ZZ B [ anEd(fz i) (§k — ) ]
1
(Z,k)GDQ N

Straightforward computation shows that Eq(&; — m;)? (&, — 7x)? equals
(mi — mimg) (1 — 2m) (1 — 27g,) + mymg (1 — ;) (1 — 7g).

Hence, with (C1)-(C2) we find that

n? n?
Ea(& — m:)* (& — m)* < [Ea(& — mi) (& — )| + Kgﬁ =0 <N2> :
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w-almost surely. It follows that

N4ZZEW 2ﬁ,€<o< >ZZE [A;By] .

i=1 k=1 (i,k)eD2 N

Since Dy ny has N(N — 1) elements and E,,[A; B;] = pip2 for (i,j) € Do n, it follows that

Ni ZZEdm | < Kpips. (8.4)

=1 j=1

Consider the second (and third) summation on the right hand side of (8.2). Similarly to (8.3), we
can then write

R A 1
N |22 22 2 Bam [P 8| = 57 [ D00 > Bam [nasay 5]

i=1 j#i k=1 (4,4,k)€D3 N
1 A;A;B
= Ni >0 |Eam [n2 7r.7rj.7r2k (& — i) (&5 — m5) (& — Wk)2] ‘
(i7j7k)eD3,N Ik
1 0 A;A;B
S NI DD Em|n [ 2 Ba(8 — ) (& — ) (& m?(]
(i,5,k)€D3, N Ik
A;A;B
< LS Y B | B R~ m)le - w6~ .
(i,4,k)€D3 N

We find that Eq(& — m;) (&5 — ) (& — mk)? equals

(1 = 2mp)Ea(& — i) (&5 — m5) (S, — k) + T (1 — 7)) Ea (& — mi) (&5 — 7))
With (C1)-(C3), this means |Eq(&; — i) (& — ) (& — k)| = O(n?/N3), w-almost surely. It follows

ZZZEdmnaz%@ —O(NS)ZZZE [AiA;By].

1=1 j#i k=1 (4,4,k)€D3, N

Since D3y has N(N — 1)(N — 2) elements and Eq,,[4;A;Bi] = pip2, for (i,7,k) € D3 n, we find

N N
L4 Z Z ZEdvm [n*ia;87]| < Kpips. (8.5)

i=1 j£i k=1

The computations for the third summation in (8.2) are completely similar. Finally, consider the
last summation in (8.2). As before, this summation can be bounded by

A A
F Y TR - w6 - w6~ ma - ).
(4,3,k,1)€Da, N

Since Dy y has N(N —1)(N —2)(N — 3) elements and E,,[A;A; By By = p3p3, for (i,4,k,1) € Dy n,
with (C4) we conclude that

N N
% Z Z Z Z Edm [n*0ic;rf1] | < Kpipa. (8.6)

i=1 j#i k=1 I#k

Together with (8.4), (8.5) and decomposition (8.2), this proves (8.1). O
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Lemma 8.2. Let Xy = /n(FT — Fy) and suppose that (C1)-(C2),(HT1)-(HT2) hold. For any
ke {1,2,...}, and t1,...,t; € R, (XN(tl), .. ,XN(tk)) converges in distribution under Pg,, to a
k-variate mean zero normal random vector with covariance matriz XU given in (3.4).

Proof. We will use the Cramér-Wold device. Note that any linear combination

aryv/n {FN"(t1) —=Fn(t)} + - + apv/n {FN" (tx) — Fn(t)} (8.7)
can be written as
N ¢ 1
vn N;mvm—N;m : (8.8)
where
Vit = a1lgy,<py + - + aplgy, <y = @, Yik (8.9)

with Y, = (Iyv,<,},---» I{vi<s,}) and aj, = (a1,...,ax). For the corresponding design-based
variance, we have

7TZJ 7Tj
TLS = {/k[/k
N = 7\72§1§1 T kv
? J

(8.10)

i=1 j=1

w-almost surely, according to (HT2), where XHT can obtained from (3.4). Together with (HT1), it
follows that (8.7) converges in distribution to a mean zero normal random variable with variance
al XHTa,. We conclude that (8.7) converges in distribution to a; Ny+- - -+a; Nk, where (Ny,. .., Nj)
has a k-variate mean zero normal distribution with covariance matrix EET. According to the
Cramér-Wold device this proves the lemma. O

Proof of Theorem 3.1 We first consider Xy = \/H(F%T — Fu) for the case that the Y;’s follow
a uniform distribution on [0,1]. We apply Theorem 13.5 from [Bil99]. Lemma 8.2 provides the
limiting distribution of the finite dimensional projections (Xx(t1), ..., Xn(tx)), which is the same
as that of the vector (G1%(¢1),...,G"T(#;)), where GH'T is a mean zero Gaussian process with
covariance function

i — MM
E,G' ()G (1) = lim e ZZE [ I jll{Y<s}]l{Y<t}

N—o0
i=1 j=1

for all s,¢ € R. Tightness condition (13.14) in [Bil99] is provided by Lemma 8.1. Since GMT is
continuous at 1, the theorem now follows from Theorem 13.5 in [Bil99] for the case that the Y;’s are
uniformly distributed on [0, 1].

To extend this to a functional CLT with i.i.d. random variables Y7, Yo, ... with a general c.d.f. F',
we can follow the argument in the proof of Theorem 14.3 from [Bil99]. First define the generalized
inverse of F":

o(s) =inf{t: s < F(t)},
that satisfies s < F(t) if and only if ¢(s) < ¢. This means that if Uy, Us,... are i.i.d. uniformly

distributed on [0, 1], ¢(U;) has the same distribution as Y;, so that 1y, <4 4 Liown<ty = Liu,<re))-
It follows that

1 & Glyi<ey 1 al d
i=1 ¢ i=1
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where N
vn &i
Zn(t) =" ; o ) Ly, t€10,1], (8.11)

Hence, the general HT empirical process Xy is the image of the HT uniform empirical process Zy
under the mapping ¢ : D[0, 1] — D(R) given by [¢z] (t) = z(F(t)). Note that, if vy — x in D[0, 1]
in the Skorohod topology and x has continuous sample paths, then the convergence is uniform. But
then also 1z converges to 1z uniformly in D(R). This implies that ¥xy converges to ¥z in the
Skorohod topology. We have established that Zy = Z weakly in DJ0, 1] in the Skorohod topology,
where Z has continuous sample paths. Therefore, according to the continuous mapping theorem,
e.g., Theorem 2.7 in [Bil99], it follows that ¢(Zx) = 1(Z) weakly. This proves the theorem for Y;’s
with a general c.d.f. F. O

Proof of Proposition 3.1 The proof is similar to that of Theorem 3.1. First consider the case of
uniform Y;’s with F'(t) = t. We only have to verify the weak convergence of the finite dimensional
projections of the process Xy = /n(FYT —Fy). Consider (8.7) represented as in (8.8). From (HT1)
and Lemma 9.1(ii) in [BLRG15] we conclude that (8.7) converges in distribution to a mean zero
normal random variable with variance

UIQ-IT = :U’7T1Em [VIZIJ + pr2 (Em [‘/ik])z
= umaLEy [Y1, Y] ap + pmeal, (EnYix) (EnYix) a, = al, Siay,

where ¥y is the k£ x k-matrix with (g, r)-element equal to fir, (t4 A t,) + pratqt,. We conclude
that (8.7) converges in distribution to a; Ny + - - - + ay Ny, where (Ny,..., Ni) has a k-variate mean
zero normal distribution with covariance matrix . As in the proof of Lemma 8.2, by means of
the Cramér-Wold device this establishes the limit distribution of (Xx(t1), ..., Xn(tx)), which is the

same that of the vector (GHT(t1),...,G"T(t;)), where GH?T is a mean zero Gaussian process with
covariance function Eq,,, GTT (s)GHY (¢) = pir1(s A t) + pr2st. From here on, the proof is completely
the same as that of Theorem 3.1. ]

To establish tightness for the process \/n(FiT — F) we use the following decomposition

VAFYT — F) = i — Fx) + Y2 N (Ey - F). (5.12)
VN

The first process on the right hand side converges weakly to Gaussian process, according to Theo-

rem 3.1. The process v N (Fny — F) also converges weakly to a Gaussian process, due to the classical

Donsker theorem. In particular both processes on the right hand side are tight in D(R) with the

Skorohod metric. In general the sum of two tight processes in D(R) is not necessarily tight. How-

ever, this will be the case if both processes converge weakly to continuous processes (see Lemma 9.2
in [BLRG15]).

Lemma 8.3. Let Vi, Vs, ... be a sequence of bounded i.i.d. random wvariables on (Q,§,Py,) with
mean py and variance o, and let S% be defined by (3.2). Suppose (HT1) and (HT3) hold and
nSJQV — O'%IT > 0 in Pp,-probability. Then,

1 <. &V
Vn (N; - —Mv), (8.13)

converges in distribution under Pg,, to a mean zero normal random variable with variance O‘IZ{T +
)\0‘2/.
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Note that, in view of the expression for U%IT obtained in Lemma 9.1, for simple random sampling
without replacement, the condition U%IT > 0 implies that A must differ from 1.

Proof. We decompose as follows

L (1 5~&Y IR AR R
SN<NZ ™ ‘“V) Sy (NZ ™ ‘wZ”)

According to (HT3), the central limit theorem, Slutsky’s theorem, and the fact that nS% — o1 > 0
in probability,

1 n 1 o
NG X \/\/];V x VN (N ;Vi - ,uv> — N(0,\o%/odr), (8.14)

in distribution under P,,, whereas, thanks to (HT1),

N N
1 (1 &Vi 1
Sn (Nzl mn N ZVZ) — N(0,1), w-—as, (8.15)

i= i=1

in distribution under Py. Since the latter limit distribution does not depend on w, we can apply
Theorem 5.1(iii) from [RBSKO05|. It follows that

N
1 1 Vi
~ <sz 4 —uv) — N (0,14 Aot /ofir)

. T
=1

in distribution under Py ,,. Together with nSJQV — a?{T in probability, this implies that the random
variable in (8.13) converges to a mean zero normal random variable with variance o3y + Ao, O

Lemma 8.4. Let X = /n(FYY — F) and suppose that (C1)-(C2),(HT1)-(HT/) hold. Then for any
ke {1,2,...}, and ty,ta,...,t; € R, the sequence (XK (t1),...,XK(tk)) converges in distribution
under Pg, to a k-variate mean zero normal random vector with covariance matriz EET = ZET +
AEr, where ST is given in (3.4) and T is the kxk matriz with (q,7)-entry F(tyAt,)—F(t) F(t,),
forq,r=1,2,... k.

Proof. The proof is similar to the proof of Lemma 8.2. The details can be found in [BLRG15|. O

Proof of Theorem 3.2 The proof is completely similar to that of Theorem 3.1. We first consider
the process Xk = /n(FYL — F) for the case that the Y;’s follow a uniform distribution with
F(t) = t. Decompose Xk as in (8.12). By Theorem 3.1, the first process on the right hand side
of (8.12) converges weakly to a process in C[0, 1]. Due to the classical Donsker theorem and (HT3),
the second process on the right hand side of (8.12) also converges weakly to a process in C|0, 1].
Tightness of X then follows from Lemma 9.2 in [BLRG15]. Convergence of the finite dimensional
distributions is provided by Lemma 8.4. The theorem now follows from Theorem 13.5 in [Bil99]
for the case that the Y;’s are uniformly distributed on [0, 1]. Next, this is extended to Y;’s with a
general c.d.f. F' in the same way as in the proof of Theorem 3.1. O

To establish convergence in distribution of the finite dimensional distributions of v/n(FY' — F)
under the conditions of Proposition 3.2, as in the proof of Lemma 8.4, we will use the Cramér-Wold
device. To ensure that the limit in (9.2) is still strictly positive without imposing (HT4), we will
need the following lemma. Its proof can befound in [BLRG15].
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Lemma 8.5. Let F' be the c.d.f. of the i.i.d. Y1,...,Yy. For any k-tuple (t1,...,t;) € R*, suppose
that the values F(t1), ..., F(ty) are all distinct and such that 0 < F(t;) < 1. Let a,b € R, such that
a>b. If a >0, then the k x k matriz M with (i, j)-th element M;; = aF (t; Ntj) — OF(t;)F(t;) is
positive definite.

Lemma 8.6. Let XX = /n(F\' — F) and suppose that n and m;, m;j, fori,j = 1,2,..., N, are
deterministic. Suppose that (C1)-(C2), (HT1) and (HT3) hold, as well as conditions (i)-(ii) of
Proposition 3.2. Then, for any k € {1,2,...}, and t1,...,t; € R, (X%(tl), . ,Xf,(tk)) converges
in distribution under Pg,, to a k-variate mean zero normal random vector with covariance matriz
SEr, with (g, r)-entry (ur1 + N F(tg Ate) + (a2 — N F(tg)F (), for ¢,r,=1,2,... k.

Proof. The proof follows the same ideas as the proof of Lemma 8.4, but is a bit more technical. It
can be found in [BLRG15]. O

Proof of Proposition 3.2 The proof is similar to that of Theorem 3.2. Tightness is obtained
in the same way and the convergence of finite dimensional projections is provided by Lemma 8.6.
The theorem now follows from Theorem 13.5 in [Bil99] for the case that the Y;’s are uniformly
distributed on [0, 1]. Next, this is extended to Y;’s with a general c.d.f. F' in the same way as in the
proof of Theorem 3.1. O

Proof of Theorem 4.1 For part (i), note that with S% defined in (3.2) with V; = 1, from (HT1)
together with condition (4.6), it follows that

1 1 i
VnSn x . (NZ&—l) —>N(0,U72r), w — a.s.,
N ;

in distribution under P;. This implies

N 1 o &
\/H<N—1> :ﬁ(N;m—1> — N(0,02), (8.16)

in distribution under Py ,,,. In particular, since n — oo, this proves part (i).

The proof of part(ii) is along the same lines as the proof of Theorems 3.1 and 3.2. First consider
the case, where the Y;’s are uniform, with F(t) = ¢ on [0,1]. Then, with F&' defined in (2.1) and
XL = vn(FYY — F), we can write G (t) = Xk (t) — (XX (t) — G (¢)). According to Theorem 3.2,
the process X% converges weakly to a continuous process. As a consequence of (8.16), the process

N .
X5 (t) - GY (1) = tv/n (}VZ% = 1) ,

=1

also converges weakly to a continuous process. Hence, similar to the argument in the proof of
Theorem 3.2, we conclude that the process GY; is tight. Next, we establish weak convergence of the
finite dimensional projections

(CR(t1), .-, G (th))- (8.17)

To this end we apply the Cramér-Wold device and consider linear combinations

Vi i
aGy(t) + -+ + aGR (k) = Wz;ﬁ%k (8.18)
i=1 "
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Convergence of (8.18), is obtained completely similar to that of (9.1) in Lemma 8.4, but this time
with
Vit = a1 (Lgy, <y — t1) + - + ar(gy <o) — te) 5

and pr = 0. Using the fact that (HJ4) allows the use of Lemma 8.3, one can deduce that (8.18)
converges in distribution under Py ,,, to a1 N1+ - -+ay Ny, where (N1, ..., Nj) has a k-variate normal
distribution with covariance matrix 7 = £ + AXp, where X7 and I are given in (4.5) and
Lemma 8.4, respectively. By means of the Cramér-Wold device, this proves that (8.17) converges in
distribution under Py ,, to a mean zero k-variate normal random vector with covariance matrix 7.
This distribution is the same as that of (G™(t1),...,G™(t;)), where G™ is a mean zero Gaussian
process with covariance function

lim WZZE [ L (L — ) (L — 1)

N—o00
=1 j=1
—i—)\(s/\t—st), s, t €R.

Since G™ is continuous at 1, the theorem then follows from Theorem 13.5 in [Bil99] for the case
of uniform Y;’s. Extension to Y;’s with a general c.d.f. F' is completely similar to the proof of
Theorem 3.1. O

Proof of Theorem 4.2 We use (4.2). From the proof of Theorem 4.1, we know that G, is tight.
Together with Theorem 4.1(i), it then follows that the limit behavior of \/n(FY — Fy) is the same
as that of the process Yy defined in (4.3). This process can be written as

O 5] CR PSS S o )

As in the proofs of Theorems 3.1, 3.2, and 4.1, we first consider the case of uniform Y;’s. The first
process on the right hand side is \/ﬁ(F%T — Fx), which converges weakly to a continuous process,
according to Theorem 3.1, whereas the second process also converges to a continuous process due
0 (8.16). As in the proof of Theorem 3.2, one can then argue that Y, being the difference of these
processes, is tight. Next, we prove weak convergence of the finite dimensional projections

(Yn(t1),. .., Yn(tk)). (8.19)

As before, we apply the Cramér-Wold device and consider

a1 Yy(t) + -+ apYn(tx) = { Z & Vik, — N Z Vzk} (8.20)

with
Vit = a1 (Lyvicny = 0) + - FanLpvicny) = t)

Convergence of (8.20) is obtained completely similar to that of (8.8) in the proof of Lemma 8.2. From
(HT1) and (HJ2), it follows that (8.20) converges in distribution under Py, to a1 N1 + - - - + ap N,
where (Ni,..., Ni) has a k-variate normal distribution with covariance matrix £H7 given in (4.5).
By means of the Cramér-Wold device, this proves that (8.19) converges in distribution under Py,
to a mean zero k-variate normal random vector with covariance matrix X7, This distribution is the
same as that of (G(¢),...,G"(tx)), where GM is a mean zero Gaussian process with covariance
function

. i — T
T oSS B [T 1y ) (e

i=1 j=1

20



for s,t € R. As before, the theorem now follows from Theorem 13.5 in [Bil99] for the case of uniform
Y;’s, and is then extended to Y;’s with a general c.d.f. F. O

Proof of Theorem 4.3 The theorem follows directly from relation (4.7) and Theorem 4.1. O

The proofs of Propositions 4.1 and 4.2 are similar to those of Theorems 4.2 and 4.1, respectively,
and can be found in [BLRG15]. The proofs for Corollaries 5.1 and 5.2 are fairly straightforward
and can be found in [BLRG15].
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9 Supplemental Material

9.1 Proofs of Lemmas, Propositions and Corollaries in the main text

Proof of Lemma 8.4 We will use the Cramér-Wold device. To this end, we determine the limit
distribution of a1 X5 (t1)+- - - +ap XX (), for ai, ..., a; € R fixed and a}, = (a1,...,a;) # (0,...,0).
As in the proof of Lemma 8.2, we consider

N
1 i
aXy(h) + -+ a Xy () = vn (szm - uk> ! (9.1)
i=1""

where Vjj is defined in (8.9). We want to apply Lemma 8.3. As in (8.10),
nS% — alxMma,  w—as, (9.2)

where aZEETak > 0, thanks to (HT4). This means that, according to Lemma 8.3, the right hand
side of (9.1) converges in distribution under Pg,, to a mean zero normal random variable with
variance

al Tl ay + A EnlVi] - (EnlVit)’} = afShiray,

where
=3I 1Az (9.3)

We conclude that (9.1) converges in distribution to a1 Ny + - - - + a;Ng, where (N, ..., Ng) has a
mean zero k-variate normal distribution with covariance matrix EﬂT. By the Cramér-Wold device,
this proves the lemma. O

Proof of Lemma 8.5 Without loss of generality we may assume 0 < F(t1) < --- < F(tg) < 1,
since we can permute the rows and columns of M without changing the determinant. For the entries
of M we can distinguish three situations:

1. if 1 <j < i<k, then Mij = CLF(tj) — bF(tZ)F(tj)
2. if 1 <i=j <k, then M;; = aF(t;) — bF(t;)?
3. if1<i< 71 < k, then Mij = aF(ti) — bF(ti)F(tj).

Now, for 2 < i < k, multiply the i-th row by F'(¢1)/F(t;). This changes the determinant with a factor
F(t1)k=1/F(t3)--- F(t}) > 0, and as a result, all entries in column j, at positions 1 <14 < j < k, are
the same: aF'(t1) — bF(t1)F(t;). Hence, if we subtract row-2 from row-1, then row-3 from row-2,
..., and then row-k from row-(k —1), we get a new matrix M’ with a right-upper triangle consisting
of zero’s and a main diagonal with elements M/, = aF(t1) — aF(t1)F(t;)/F(tit1), i 1 <i <k —1,
and M, = aF(t1) — bF(t1)F(tx). It follows that

F(ta) - F(tg) /
Wdet(M)

= a* (1) (F(t2) = F(1)) -+ (F(te) = F(t1)) (@ — b (1)) > 0,

det(M) =

sincea >0,0< F(t;) <--- < F(tx) <1,and a — bF(ty) > a—b>0. O
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Proof of Lemma 8.6 The proof is similar to that of Lemma 8.4. We determine the limit
distribution of (9.1). Note that without loss of generality we can assume that 0 < F(t;) < --- <
F(tx) < 1. In contrast with the proof of Lemma 8.4, we now have to distinguish between several
cases.

We first consider the situation where all F'(¢;)’s are distinct and such that 0 < F'(¢;) < 1. From
(HT1) and Lemma 9.1(ii) we conclude that

nSx = ot = 1 Bn Vi3] + i (B [Vir))? = af Spay,

where
k

= (uﬂF(tq Aty) + ,uﬂgF(tq)F(tr)> (9.4)

q,r:l.
First note that

N N N
.n Tij — T ..n &i
=1 — — = = ] — V. =1 >0.
Prl + pr2 N1~I>I<l>o N2 ;; T Ng%o N2 ar <; 7Ti> Z

Therefore, together with condition (i) we can apply Lemma 8.5 with a = pr; and b = —pge. It
follows that Xj is positive definite, so that 0'12_IT > 0. This means that, according to Lemma 8.3,
the right hand side of (9.1) converges in distribution under Pg,, to a mean zero normal random
variable with variance (pr1 + AN Em[VA] + (r2 — A) (Em[Vig])? = at. Xk ray, where

k

Shr = ((m1 + NF(t At) + (a2 = N () F (1)) (9.5)

q,r=1
We conclude that (9.1) converges in distribution to a3 Ny + - - - + a;Ng, where (N, ..., Ng) has a
mean zero k-variate normal distribution with covariance matrix ZgT. By means of the Cramér-Wold
device, this proves the lemma for the case that 0 < F(t1) < --- < F(t) < 1.

The case that the F(t;)’s are not all distinct, but still satisfy 0 < F(¢;) < 1, can be reduced
to the case where all F(t;)’s are distinct. This can be seen as follows. For simplicity, suppose
F(tl) = ... = F(tm) = F(to), with 0 < F(to) < F<tm+1) < - < F(tk) < 1. Then we can
write (9.1) as

aoX N (t0) + am+1XN (tmr1) + - + ax Xy (), (9.6)

where a9 = a1 + -+ + ap,. As before, with (HT4) and Lemma 8.5, it follows from Lemma 8.3
that (9.6) converges in distribution to a mean zero normal random variable with variance a 3¢ ay,
where ag = (ag, @mi1, - --,ar)t and

25 =YrEm [YOYB] + (72 = A) (En[Yo]) (EM[YU])t )

with Yo = (Liyv,<top Lvi<tmia} - s ]l{Yigtk})t- However, note that

agYO = (a1 4+ am)]l{YiSto} T amirliyi<t, oy o T alivi<y

= a1lfy,<py + o+ arliyi<hy = a Y,

where a = (a1,...,a;)! and Yy, = (Livi<trys - - - aﬂ{Yigtk})t, as before. This means that a} ¥} 'ag =
al X ag, with 341 from (9.3). It follows that (9.1) converges in distribution to a; Ny + - - - 4 ax Ny,
where (Ni,..., Ng) has a mean zero k-variate normal distribution with covariance matrix EgT.
By means of the Cramér-Wold device, this proves the lemma for the case F'(t1) = --- = F(t;,) =
F(ty) < F(tm+1) < --- < F(ty) < 1. The argument is the same for other cases with multiple
F(t;) € (0,1) being equal to each other.
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Next, consider the case F'(t1) = 0. In this case, 1y,<;} = 0 with probability one. This means
that the summation on the left hand side of (9.1) reduces to aoX% (t2) + - - + ax X4 (tx) and

0o 0 --- 0
0

Ypr = . Srpt (9.7)
0

where 2yt ,_1 is the matrix in (9.4) based on 0 < F(t3) < -+ < F(tx) < 1. When al_ | =
(ag,...,ar) # (0,...,0), then

2 t s F t
UHT = aszTak == akileTJc_lak_l > O,

because Xyt 1 is positive definite, due to (HT4) and Lemma 8.5. This allows application of
Lemma 8.3 to (9.1). As in the previous cases, we conclude that (9.1) converges in distribution
to aiNy + - -+ + aiNg, where (Ni,...,Ni) has a mean zero k-variate normal distribution with
covariance matrix £f1 given by (9.3). When al, = (a1,0,...,0), with a; # 0, then both (9.1) and
a1N1 + - - - + ap Ny, are equal to zero. According to the Cramér-Wold device, this proves the lemma
for the case F'(t;) = 0.

It remains to consider the case F'(t;) = 1. In this case, the (k, k)-th element of the matrix Xy
in (9.4) is equal to pir1 + pize. We distinguish between gz + pire = 0 and pir + pire > 0. In the
latter case, from the proof of Lemma 8.5 we find that X1 has determinant

k

iV F (1) H(F(ti) — F(ti-1))(pr1 + pa2) > 0,
i=2

using (HT4) and 0 < F(t;) < -+ < F(tx—1) < F(tx) = 1. This allows application of Lemma 8.3
to (9.1). As before, we conclude that (9.1) converges in distribution to aj Ny + - - - + a3 Ng, where
(N1,...,Ng) has a k-variate mean zero normal distribution with covariance matrix 3 from (9.3).
According to the Cramér-Wold device, this proves the lemma for the case F'(t;) = 1 and pr1+ piz2 >
0.

Next, consider the case F'(t;) = 1 and piz1 + pr2 = 0. This means

0
3y _ :

EHT _ HT,k—1 : , (9.8)
0

where Xyt 1 is the matrix in (9.4) corresponding to 0 < F(t1) < -+ < F(tg—1) < 1. When
al_, = (a1,...,a5-1) #(0,...,0), then

2 t t
ogT = akZHTak = ak_leT,k—lak—l >0,

because Xyt 1 is positive definite, due to (HT4) and Lemma 8.5. This allows application of
Lemma 8.3 to (9.1). As in the previous cases, we conclude that (9.1) converges in distribution to
a1 N1+ -+ag N, where (N, ..., Ni) has a k-variate mean zero normal distribution with covariance
matrix 31 given by (9.3). When al =(0,...,0,a), with a; # 0, then a1 Ny + - - - + a; N}, = 0 and

N
1 7
ottt =i (136 1),
i=1""
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converges to zero in probability. The latter follows from the fact that according to (HT1) and
Lemma 9.1, we have that

N 12]\6&—1 — N(0, pir1 + fin2) (9.9)
Ni:1 y Ul M2 ), .

Uy

in distribution under Pg4,,. According to the Cramér-Wold device, this proves the lemma for the
case F(tx) = 1 and pir1 + pire = 0. Finally, the argument for the case that F(¢;) = 0 and F(t;) =1
simultaneously, either with or without repeated among the F'(t;)’s, is completely similar. This
finishes the proof. O

Proof of Proposition 4.1 The proof is similar to that of Theorem 4.2. We find that the limit
behavior of v/n(FY — Fy) is the same as that of the process Yy defined in (4.3). When we first
consider the case of uniform Y;’s with F'(¢) = ¢, tightness of the process Yy follows in the same way
as in the proof of Theorem 4.2. It remains to establish weak convergence of the finite dimensional
projections (8.19). This can be done in the same way as in the proof of Proposition 3.1, but this
time with

Vie = a1 (Liy,<ey —t) + - +an(yyvicny) — ) -

From (HT1) and Lemma 9.1(i) we conclude that (8.20) converges in distribution to a mean zero
normal random variable with variance

UIQJT = pr1Em [V12k] = a’,;Ekak,

where 3, is the k X k-matrix with (g, r)-element equal to fix, (tgNtp —t4tr). We conclude that (8.20)
converges in distribution to a; N1 +- - - +ay Nk, where (N1, ..., Ni) has a k-variate mean zero normal
distribution with covariance matrix f)k By means of the Cramér-Wold device this establishes the
limit distribution of (8.19), which is the same as that of the vector (G (¢1),...,GM(¢;)), where
GM is a mean zero Gaussian process with covariance function

EamGM (s)GM (t) = pin1 (s At — st).

From here on, the proof is completely the same as that of Theorem 4.2. O

Proof of Proposition 4.2 From relation (4.7) and Theorem 4.1 we know that the limit behavior
of n(FY¥ — F) is the same as that of G%,. Tightness of G%, has been obtained in the proof of
Theorem 4.1. It remains to establish weak convergence of (8.17). This can be done in the same
way as in the proof of Lemma 8.6, but this time with

Vik = a1 (Ly,<y — F(t1)) + - 4 ar (Lgy, <y — F(te))

and pr = 0. When 0 < F(t1) < --- < F(tx) < 1, from (HT1) and Lemma 9.1 we find that
nS% — pmEm[VA] = al Xay, where

k

Sk = pim (Fltg A ) = F(tg) F(t,)) (9.10)

gr=1
From condition (i) of Proposition 3.2 and Lemma 8.5, it follows that Xy is positive definite, so that
a; Xay; > 0. Hence, according to Lemma 8.3, the right hand side of (8.18) converges in distribution
B 0. H ding to L 8.3, the right hand side of (8.18 in distributi
under Py, to a mean zero normal random variable with variance (pz1 + A)Ep,[VE] = a}éEgJak,
where

k
Shy = (e + NF(t AL))
q,r=1

(9.11)
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We conclude that the right hand side of (8.18) converges in distribution to a3 Ny + - - - 4+ ax Ny, where
(N1,...,Ng) has a mean zero k-variate normal distribution with covariance matrix 3%;. By means
of the Cramér-Wold device, this proves weak convergence of (G (t1), ..., G} (t)) for the case that
0 < F(t1) <--- < F(tx) < 1. As in the proof of Lemma 8.6, the case where the F'(¢;)’s are not all
distinct, but satisfy 0 < F'(¢;) < 1, the case F'(¢t1) = 0, and the case F(t;) = 1, can be reduced to
the previous case. From here on, the proof is completely the same as that of Theorem 4.1. O

Proof of (5.2) Following [Dd08|, one can write ¢ = )3 o 91, where

V1 (F) = (F,BF ()
Yo(F,x) = F(x).
The Hadamard-derivative of ¢ can then be obtained from the chain rule, e.g., see Lemma 3.9.3
in [vdVW96]. According to Lemma 3.9.20 in [vdVW96|, for 0 < o« < 1 and F € D, that have a

positive derivative at F~!(a), the map ¢, is Hadamard-differentiable at I’ tangentially to the set
of functions h € D(R) that are continuous at F~!(«a) with derivative

, h(F~1(a
i) = (=70 )

It is fairly straightforward to show that for F' that are differentiable at =, the mapping o is
Hadamard-differentiable at (F, z) tangentially to the set of pairs (h,€), such that h is continuous at
z and € € R, with derivative

wé,(F,x) (h, 6) = Ef(x) + h(x)
Then for F' € Dy that are differentiable at BF~!(a), the mapping 15 is Hadamard-differentiable at
Y1(F) = (F,BF (). It follows from the chain rule that ¢(F) = F (BF () = thg 0 ¢1(F) is
Hadamard-differentiable at F' tangentially to the set Dy consisting of functions h € D(R) that are
continuous at F~1(a) with derivative

f(BF~H(a))

. B
f(F~Ha)) h(F~ () + h(BF ().

¢p(h) =—p

a

Proof of Corollary 5.1 The mapping ¢ : Dy C D(R) — R is Hadamard-differentiable at F'
tangentially to the set Dy consisting of functions h € D(R) that are continuous at F~!(a). According
to Theorem 3.2, the sequence \/ﬁ(F%T — F') converges weakly to a mean zero Gaussian process GI}T
with covariance structure

EqmGp' ()Gp' (1) = (im1 + A F (s A1) + (pima — N F(s)F(t), (9.12)
for s, € R. It then follows from Theorem 3.9.4 in [vdVW96], that the random variable v/n(¢(FRT) —
¢(F')) converges weakly to
f(BF ()

fE=Ha))

which has a normal distribution with mean zero and variance

—p Gp' (F~H(a) + GE1 (BF (o)),

F-1 a 2

Tt = P L B GNP @)
+E[GF (BF 7 (a))?]

F3F (@)

HT /-1 HT 1
f(F~1(a)) E[Gp (F~H(a))Gp (BF~H(a))].
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The precise expression can then be derived from (9.12), which proves part one. For part two, write

Vi (B(ERT) - 6(Ex)) = Vi (SFHT) - 6(F)) + YLV (6(Fx) — 6(F)).

The process vV N (Fny — F) converges weakly to a mean zero Gaussian process Gp. Then, Hadamard-
differentiability of ¢ together with Theorem 3.9.4 in [vdVW96] yields that the sequence v/ N (¢(F ) —
@(F)) converges weakly to ¢-(Gr). As n/N — 0, the theorem follows from part one. O

Proof of Corollary 5.2 The proof is completely the same as that of Corollary 5.1, with the only
difference that the covariance structure of the limiting process v/n(¢(Fi’) — ¢(F)) is now given in
Theorem 4.3. O

9.2 Additional Lemmas

Lemma 9.1. Let S]2V be defined by (3.2), where Vi, Va, ... is a sequence of i.i.d. random variables
on (2,8, Pp) with E,[ViY] < co. Suppose that n and m;, mi;, fori,j =1,2,...,N are deterministic
and let V,,,(S%;) denote the variance of S%. If (C1)-(C2) hold, then n*V,,[S%] = O(1/N). Then,

(i) if En[Vi] = 0 and condition (i) in Proposition 3.1 holds,

nS% — obp = 1 Em[VE],  in Py, -probability.

(i) if Ep,[Vi] # 0 and conditions (i)-(ii) in Proposition 3.1 hold,

nS% — ofr = pm1 B [VE] + pime (B [VA])?,  in Py, -probability.

Proof. For any € > 0, by Markov inequality we have

n?Vm[S}]

Py {InS} — EmlnSy]| > e} < —5200, (9.13)

where V,,, denotes the variance of SJQV under the super-population model. In order to compute
Vim[S%], we first have

1 N N
N Ni Z Z 3T 5 W]E (%V})
T (9.14)
E [Vl] f: T ZZ 7T7,J 7TZ7TJ
N2 T 3T 5

=1

i#j

From this, tedious but straightforward calculus leads to the expression for (E,,[S%/])? and E,,[S%]-
One finds

N (B [53])" = a1 (En[Vi])" + 2B [VE] (Em Vi) + a3 (B [V2])?,
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where, according to (C1)-(C2):

a=) Y >3 IR
1=
T TR

( ,j k l)€D47N
2
5 — T T4 — T e T
MY TS 35 ()
(1,5,1)€D3 N (1,5)€D2, N v
. Ti5 — T4T5 Tl — TET 3 2, 92
- Y5 S SR 0N ) + 0 o)
’L 37 k} l)€D4 N
1 —m; mp — mpmy — T Tk — TiTk
az=2) ) ) o+ ¥y p—
(Z k l)€D3 N Z k?)eDQ N
(i,k l)€D3 N kT
—ml—-m N 1—m)\?2
w= Y3 T fﬁxﬁd
(4,j)€D2 N T =1 !
gy O(N?/n?).
( 7])€D2 N
Furthermore,
N*Ey, [SN] = b1 (Em[VA])* + 2By [VE] (B [V2])?
+ by (B [VE])? + b4 [V, [VF]
where

_ _ N o1\ 2
by = Z Z Z Z szﬂﬂiﬂ] Wlek;le I Z ( mm)

( 7]7k Z)ED4N =1
=Y SN S A L O(NE )
T TR
(4,5,k,0)€D4 N
1 —mmp — mpm T — T4 T4 — T3T0]
bo=2) > ) +4ZZZ T
(Z k l)GDg N lj l)EDg N v v
1 —m; T — mpmy
LYYy Zﬂw-wwm>
(’L k‘ l)GDg N k l
T T, 70 2
1) 1)
= e Yy ()
(i,k)€Da N (4,7)€D2 N J
1— _
=YY S o)
(’L k)GDQ N
mij —mmi 1l — 37,2
by =4 =O(N .
D S L EEL AR
(1,5)€D2 N

The variance expression for SJQV is deduced easily from the previous computations. From the expres-
sion derived in [BLRG15], we find that a; — b; = O(N3/n?), for i = 1,2,3, and by = O(N3/n?), so
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that

2
n*V,[S%] = n’E, [Sy] — n® (En[S}])” = O(1/N). (9.15)
From (9.13) we conclude that nS% — E,,[nS%] tends to zero in P,,-probability. As a consequence,
statements (i) and (ii) follow from (9.14). O

Lemma 9.2. If xy ~ x and yy ~> y in D|0, 1] with the Skorohod metric, and x,y € CI0,1], then
the sequence {xn + yn} is also tight in D|0, 1].

Proof. We can use Theorem 13.2 from [Bil99]. The first condition follows easily since

sup |2y (t) +yn(t)] < sup |zn(t)]+ sup |yn(t)].

te[0,1] te[0,1] t€0,1]
Because zy ~» x and yy ~» y both sequences {zx} and {yy} are tight, so that they satisfy the
first condition of Theorem 13.2 individually. For condition (ii) of Theorem 13.2 in |Bil99], choose
e > 0. According to (12.7) in [Bil99], for any 0 < ¢ < 1/2,

wy(0) < we(29).
This means that
P {wh gy (0) = €} < P{way 14y (20) > €}
< P {12y (26) 2 €/2) + P, (20) > ¢/2}.
Consider the first probability. Since z ~» z in D|0, 1] with the Skorohod metric, according to the

almost sure representation theorem (see, e.g., Theorem 11.7.2 in [Dud02]), there exist Z,, and 7,
having the same distribution as xx and x, respectively, such that Ty — Z, with probability one, in
the Skorohod metric. Because ¥ < z and z € C [0,1], also = € C|0, 1]. Hence, since 7 is continuous,
it follows that
sup |Zn(t) — ()| — 0, with probability one. (9.16)
te(0,1]
We then find that

P{ww@a)zem}:[@{ sup |xN<s>—xN<t>ze/2}

|s—t|<26

= P{ sup |Zn(s) —Zn(t)] = 6/2}

|s—t|<26

sp{ sup |%<s>—%<t>rzﬁ/4}

|s—t|<26
+P < sup |zn(s) —Z(s)| > €/8 p +P< sup |[Zn(t) —z(t)] > €/8 .
s€[0,1] te[0,1)
The latter two probabilities tend to zero due to to (9.16). For the first probability on the right
hand side, note that C]0,1] is separable and complete. This means that each random element in
(0, 1] is tight. Hence, z € C[0, 1] is tight, so that according to Theorem 7.3 in [Bil99], there exists
a0 <d<1/2, such that

|s—t|<26

P{ sup |x(s) —z(t)| > 6/4} =P{w,(20) > €¢/4} <.

We conclude that P {w,, (2§) > €¢/2} — 0, and the same result for yny can be obtained similarly.
This proves the lemma. O
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